The Helium atom
Excied states
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Excited states

Beside the energy minimization we have to impose additionally the orthogonality
condition to the ground state, and to all states with lower energy.

In many cases orthogonality comes frorn the different svinmetry properties
of the wavefunctions.

23S triplet state
spin dependent part — symimetric
spacial part — antisvinmetric
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Tvpical trial functions

i s(r) = e (16)
. fj ) or .
voglr) = (I - Tf) e I, (17)
The energy function
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Fla, ) R (18)
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Variational conditions
OF oF ,
o a3
We obtain o = 2.01 and 5 = 1,53
Similar situation with 2' P2 and 2° P states

Gorsp(r1.r2) = Nijui (1) vapm (re) £ vap (1 )us(ra)). (20)

with m =0, £1.
wig(r) = e (21)
"r:in”-' {I‘J — re 2 1}.’“” {f\] {‘22‘:'

2'P a=2.00and 3 = 0.97.
2°P  a=1,99 and 5 = 1,09.

In case of the 2'S state we have to impose orthogonality to the ground state.
We take the trial function

(:?;l_q-(f‘l T2) = -"\"[”-1.-,-{!‘1 JUa (f‘jj + '-'«"3:5(-'"[ j”--g:,-'ff‘-jjl: {23]
and orthogonalize it

Q215 = ifif*fgl ¢ — ¢g{op _~2‘|ifi'};|_._;-\7 (24)
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The perturbational method

The Hamiltonian 1s split into two parts

1, 1_. VA VA
N v ;: = =
H - 2T 2T2 | .i"g.
H - L
r2

W(ry,re) = W1s(r1)ihis(ra).
H"=H!+ HY.

H"V = EgU
The Schrodinger-equation can be separated
H?E.-’"ls{f'a) = Eith1s(ri); i =1,2
or
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hydrogenlike 1on
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E, . (1)
75
his(ri) = \.ff Z e™ AT (19)
T
Oth order
Eo=F{+ FEs = 7 {20)
. 4=
1st order
EN = (U(ry,r)|H [O(r1,72))
, , 1 ~ O
= Rfe‘-‘ls{*"l]'f;”ls{*"zJ|E|i"’1s{f'1JL”15(*"2J}- (21)
Result: _
S(1) 2. ny.
E\V' = -7 (22)
8
E=-7%4 %Z = —2, 750 hartree = —74,83 eV (23)

Experimental: —2, 90372 hartree
e



The excited states

Wi (ri,1r2) = 1.(r1 )un(ra).

(24)

Parahelium (S = 0) the spin part is antisymmetric, the spatial wavetfunction is

SV etric

Orthohelium (S = 1) the spin part is symimetric, the spatial wavefunction is

antisymetric
The unperturbed wavefunction

Ul (ry,r2) = 1@[@:-‘& (r1)vn(re) +vp(ry)va(ra)l:
1 x ~ | .
W, (ri,rg) — E[Ef’a (r1)in(ra) — p(ry ) (ra));

e and 1y hydrogenlike functions

S =0 (25)
g _1 (26)
(27)



ng, =1, np =n

Z"‘2 17 N
EY = 1+ —. 28
n= ( =3 (28)
2n? times degenerated unperturbed states
H' = 1;'“3'1-3
det{’lIJngm|H"|lIJm,m ) — nwc}rmm,r}iiE” ) = 0. (29)

All nondiagonal elements will be zero
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different from 0 omly, if I =1’ and m = m'



The corrections are obtained by the diagonal elements
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J,.; Coulomb term
K, exchange term
=

Jnp = / -:E:'g:'%ﬁiiﬁx'g}/ cf:lr'%ﬁfﬂ{rl)i (33)
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Finally
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The enrgy of the ortho (triplet) state will be lower than the enrgy of the para
(sglet) state




The Hartree method

General method for multiclectron atoms
IEA instead the real Hamiltonian

we take a sum of one-electron Hamiltonians
N ,
|l ., Z »
Hyp = E —=NV7— —+Vi(r)|.
— 2 I
=

V' (r;)  screaning potential created by the other electrons.
If we write the Schrodinger equation in this approximation

Hip¢(rq.re, ....rn) = Fipo(ry.ro. ... rN).

the equation can be separated into N one-electron equations
| - L , ,

5‘7,- -t Viri) | v, (i) = €, (1),
(!

with

(26)



In order to find the wavefunctions and the energy we use the varational method

E‘[ﬁ:ﬁr: = {ﬁ:ﬁr|1‘f|¢r}
o | _
, , , |l _ ., Z |
o) o [ (L6 Z) 4 L
— 2 I — 1y
=1 1<
X |ty (v )ty (re) - u, (rn)).  (30)
The wavefunctions are normalized
(g, (v) |, (r)) =1:  i=1.N. (31)

We can write

N I 7
El¢] = Z{u.r;,.(l‘i]| (—E\_f — r_) 1. (r5))
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— Z Lo, > Java,. (32)
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Where

, | ., Z , ,
[, = (u, (r;)] (—ET; - 1, (i) (33)
!
one-clectron integral, and
| N | )
Jaia; = (U, (ri)u,,; (rj)] !—| o, (Ti) g, (r5)). (34)
L)

Coulomb-integral.
We have to find the minimum of the functional with a supplimentary con-
dition
SE[¢] = 0: (it |, ) = 1. (35)

Using the Lagrange multiplier method

S Elo] — Z E, (g, u,.)) =0. (36)

E.. — Lagrange coeflicients As we have shown in the first chapter. it is sufficient
to make the varations for the bra vectors
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Changing ¢ and 7 in the second sum of the Coulomb-integral, one can write

‘ |l o Z I ,
Z(ﬂ:uuj —5\_'; e Z{u,u |—|ua;) — Ea, | |ua,) = 0. (38)

£ J7FE '

This should be valid for any du,.. so we obtain

| ., Z I , , ,
—=\N7 - —+ (”‘”J | —|”-r:v.-} i, (ry) = F, 1, (r;). (39)
,2 [ — r.f',,u'-

J71

where ¢ = 1.1V

Hartree equations
—



Electron i is moving in the field of the nucleus —Z/r; and the field created
by the other electrons EJI,{.(H.”J. 11/r4] u.r:,.-:’ So F,. is the energy of electron ¢ in
state a;.

Solving this svstern is much more complicated than solving the usual Schrodinger
equation. The potential depends on the 1, functions, so these integro-differential
equations are coupled.

Solution: self-consistent field rmethod

e calculating the potential using some 1! = trial functions
e solving the equations using these potentials obtaining wu,,
e repeating the procedure until the equations become self-consistent

The Hartree method 1s not consistent with the Pauli exclusion principle
because the (29) function is not antisyimetric.

Because different electrons generally move in different potentials, the Hartree
functions usually are not orthogonal to each other.
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