
I. Variational method

1 Introduction

Useful for the determination of energies and wavefunctions of di�erent atomic

states.

H { the time-independent Hamiltonian of the system

En { eigenenergies

	n - eigenfunctions

Schr�odinger-equation

H	n = En	n (1)

� - wavefunction with �nite norm

E[�] functional

E[�] =
h�jH j�i

h�j�i
: (2)

If � = 	n than E[�] � En eigenstates. We prove, that if

� = 	n + Æ�; (3)

than

ÆE = 0: (4)

We make the variation on (2)

ÆE[�] =

R
Æ��H�d� +

R
��HÆ�d�R

���d�

�

�R
Æ���d� +

R
��Æ�d�

� R
��H�d��R

���d�
�2 ; (5)

where we have used Æ(H�) = HÆ�. Using (2) and making ÆE = 0 one obtainsZ
Æ��(H �E)�d� +

Z
��(H �E)Æ�d� = 0: (6)

Making Æ�! iÆ� we get

�i

Z
Æ��(H �E)�d� + i

Z
��(H �E)Æ�d� = 0: (7)

Using the above two equations, we can writeZ
Æ��(H �E)�d� = 0 (8)Z
��(H �E)Æ�d� = 0: (9)
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This should be true for any Æ�, so the equations are equivalent to the Schrodinger-

equation

(H �E)� = 0: (10)

Another important property of the (2) functional is, that gives a superior

limit for the ground-state energy E0 of the system.

We expand � in terms of the 	n eigenfunctions of the Hamiltonian H .

� =
X
n

an	n: (11)

Introducing this expansion to (2)

E[�] =

P
n
a�
n
anh	njH j	niP

n
a�
n
anh	nj	ni

=

P
n
janj

2EnP
n
janj2

; (12)

where we have used H	n = En	n. Subtracting the ground-state energy E0,

we get

E[�]�E0 =

P
n
janj

2(En �E0)P
n
janj2

: (13)

Using En � E0, the right side of the equation is nonnegative, so

E0 � E[�]: (14)

In practice we perform the variation only for a class of functions. E.g.:

Rayleigh{Ritz method

In this case the trial function � = �(�i; �) depends on some parameters, so

E = E(�i); i = 1; n; (15)

If we make the variation on the class of of the trial functions, the ÆE = 0

condition is equivalent to
@E

@�i
= 0; i = 1; n (16)

We can use this method also for the excited states by imposing the orthog-

onality of � to all states with lower energy

h�j	ni = 0; n = 0; i� 1; (17)

2 The Rayleigh{Ritz method for the ground state

of the helium

2.1 Simple variational method

We apply the independent electron approximation { product wavefunction

�(r1; r2) =  1s(r1) 1s(r2); (18)

2



Each 1s wavefunction is a hydrogenlike function with 1 parameter { the e�ective

charge �

 1s(r) =

�
�3

�

� 1

2

e��r: (19)

The energy functional:

E[�] = h�jH j�i: (20)

The Hamiltonian:

H = �
r2
1

2
�
r2
2

2
�
Z

r1
�
Z

r2
+

1

r12
; (21)

where Z = 2 is the atomic number

2.1.1 Calculating the matrix element

h i(r1) 
0
i
(r2)jH j j(r1) 

0
j
(r2)i

Let  i and  j being one-electron normalized wavefunction calculated in a

spherical potential. In this case

 i(r) = Ri(r)Ylimi
(�; ') (22)

 j(r) = Rj(r)Yljmj
(�; ');

where Ri(r) and Rj(r) are radial wavefunctions.

The matrix element can be expressed as

h i(r1) 
0

i
(r2)jH j j(r1) 

0

j
(r2)i =

= h i(r1) 
0

i
(r2)j �

r2
1

2
j j(r1) 

0

j
(r2)i+ h i(r1) 

0

i
(r2)j �

r2
2

2
j j(r1) 

0

j
(r2)i

�h i(r1) 
0

i
(r2)j

1

r1
j j(r1) 

0

j
(r2)i � h i(r1) 

0

i
(r2)j

1

r2
j j(r1) 

0

j
(r2)i

+h i(r1) 
0

i
(r2)j

1

r12
j j(r1) 

0

j
(r2)i: (23)

In the �rst 4 terms the operator acts only on the wavefunction of one electron,

so we can separate the integrals for the coordinates of the 2 electrons

h i(r1) 
0

i
(r2)jH j j(r1) 

0

j
(r2)i =

= h i(r1)j �
r2
1

2
j j(r1)iÆi0j0 + h 0

i
(r2)j �

r2
2

2
j 0

j
(r2)iÆij

�h i(r1)j
1

r1
j j(r1)iÆi0j0 � h 

0

i
(r2)j

1

r2
j 0

j
(r2)iÆij

+h i(r1) 
0

i
(r2)j

1

r12
j j(r1) 

0

j
(r2)i: (24)
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The integrals containing 1=rk, k = 1; 2 can be easily calculated

h i(rk)j
1

rk
j j(rk)i =

Z 1

0

r2
k
drkR

�

i
(rk)

1

rk
Rj(rk)

Z
dr̂kY

�

limi
(r̂k)Yljmj

(r̂k)

=

Z 1

0

r2
k
drkR

�

i
(rk)

1

rk
Rj(rk)ÆliljÆmimj

: (25)

In general numerical integration is needed for the calculation of the radial matrix

elements.

If the wavefunction is calculated in a ��=rk Coulomb-potential and i = j,

than we can calculate analyticallyZ
1

0

r2
k
drkR

�

i
(rk)

1

rk
Ri(rk) =

�

n2
(26)

The matrix elements of the kinetic energy operator�r2
k
=2 can be calculated

directly, or if  i is eigenfunction of �r2
k
=2 + V (rk) with eigenvalues Ei then

h i(rk)j �
r2
k

2
j j(rk)i =

= h i(rk)j �
r2
k

2
+ V (rk)j j(rk)i � h i(rk)jV (rk)j j(rk)i

= h i(rk)jEj j j(rk)i � h i(rk)jV (rk)j j(rk)i

= EjÆij � h i(rk)jV (rk)j j(rk)i: (27)

If the potential is Coulombian ��=rk then the eigenvalue of the energy is

��2=2n2, and

h i(rk)j �
r2
k

2
j j(rk)i = �

�2

2n2
j

Æij + �h i(rk)j
1

rk
j j(rk)i: (28)

The matrix element of 1=r12 { we expand the potential in terms of Legendre

polynomials

1

r12
=

1

jr1 � r2j
=

1X
l=0

rl
<

rl+1>

Pl(cos �); (29)

{ multipole expansion We express Pl(cos �) in terms of spherical harmonics

Pl(cos �) =
4�

2l + 1

lX
m=�l

Y �

lm
(r̂1)Ylm(r̂2): (30)

1

r12
=

1X
l=0

4�

2l+ 1

rl
<

rl+1>

lX
m=�l

Y �

lm
(r̂1)Ylm(r̂2): (31)
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Further

h i(r1) 
0

i
(r2)j

1

r12
j j(r1) 

0

j
(r2)i =

=
X
l

4�

2l+ 1

Z
1

0

dr1r
2
1R

�

i
(r1)Rj(r1)

Z
1

0

dr2r
2
2R

0�

i
(r2)

rl
<

rl+1>

R0

j
(r2)

�
X
m

Z
Y �

limi
(r̂1)Y

�

lm
(r̂1)Yljmj

(r̂1)dr̂1

�

Z
Y �

l
0

i
m

0

i
(r̂2)Ylm(r̂2)Yl0

j
m

0

j
(r̂2)dr̂2: (32)

The integral of the product of 3 spherical harmonics is

Z
Y �

lama
(r̂)Ylbmb

(r̂)Ylcmc
(r̂)dr̂ =

s
(2lb + 1)(2lc + 1)

4�(2la + 1)
Cla0

lb0lc0
Clama

lbmblcmc
; (33)

{ C { Clebsch{Gordan coeÆcient In order to have nonzero terms la should be

the vectorial sum of lb and lc, meaning that

ma = mb +mc; (34)

and

jla � lcj � lb � la + lc (35)

Cla0

lb0lc0
is nonzero only for even la + lb + lc

The matrix element of 1=r12 will be nonzero if

mj �mi = m0

i
�m0

j
(36)

jl0
i
� l0

j
j � li + lj (37)

jli � lj j � l0
i
+ l0

j
(38)

li + lj + l0
i
+ l0

j
even (39)

In these cases we obtain

h i(r1) 
0

i
(r2)j

1

r12
j j(r1) 

0

j
(r2)i =

=

minfli+lj ;l
0

i+l
0

jgX
l=maxfjli�lj j;jl

0

i
�l0

j
jg

Z 1

0

dr1r
2
1R

�

i
(r1)Rj(r1)

Z 1

0

dr2r
2
2R

0�

i
(r2)

rl
<

rl+1>

R0

j
(r2)

�

s
(2li + 1)(2l0

j
+ 1)

(2lj + 1)(2l0
i
+ 1)

C
lj0

l0li0
C
l
0

i0

l0l0
j
0

X
mimjm

0

i
m

0

j

C
ljmj

l;mj�mi;limi
C
l
0

im
0

i

lmj�mil
0

j
m

0

j

: (40)
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