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ABSTRACT

The present study focuses on the excitation of helium by proton and antiproton impact.
Excitation cross sections for proton-helium and antiproton-helium collisions have been
calculated. Two computational approaches have been employed: a first-order perturbational
calculation and an ab initio calculation, where the time-dependent Schrodinger equation is
solved numerically for the two-electron system. A comparison of these two approaches reveals
the importance of electron correlations and higher-order effects. In addition, the influence of

the projectile charge sign on the excitation cross section is studied.
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Introduction

The excitation of helium by proton impact has been a subject of both experimental and
theoretical study for a considerable period. Conversely, theoretical studies of excitation due
to antiproton impact remain scarce. This is in contrast to the case of ionization, for which
several groups have investigated and compared the cross sections for proton and antiproton
projectiles, discussing the effect of the projectile’s charge sign.

In the present work, the excitation cross sections of helium atoms in collision with
proton and antiproton projectiles are calculated. The present study employs two distinct
computational approaches: an ab initio, time-dependent close-coupling (TDCC) calculation,
based on the numerical solution of the time-dependent Schrodinger equation for two
electrons, and a simpler, first-order perturbative calculation. A comparison of the results
obtained from different approaches can reveal the importance of higher-order and electron
correlation effects in these excitation processes, and clearly show the limits of the applicability
of the first-order calculations for different excited states in different energy impact regions.
While the first-order calculation leads to the same cross section for protons and antiprotons,
the ab initio calculation shows that the excitation cross section depends on the sign of the
projectile charge, and can reveal the cause of these differences (higher-order effects such as
target polarization, electron correlation). A comparison is made between the present results
for proton impact and previous calculations, as well as existing experimental data. For the
antiproton impact, a comparison is made with the few existing theoretical excitation cross
sections. This study intends to contribute to a better understanding of two-electron dynamics
in the ion—atom collision processes.

My contribution to the project entails the development of the software utilised for the
perturbation calculations, in addition to the analysis and visualisation of the data. It is
important to note that all figures and the data presented on them are part of the original
results, except for comparisons where the source of the data used to create the figure is

referenced.
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In Chapter 1, we provide a comprehensive overview of the field of helium excitation study.
In Chapter 2, the theoretical and computational methods are presented. In Chapter 3, the
results obtained from this study are presented and compared with those of other models and
experiments.

Throughout this work, we use atomic units (a.u.) unless stated otherwise. These units

are defined as follows:

e =1 a.u. of charge,
m. = 1 a.u. of mass,
h =1 a.u. of angular momentum,

ap = 1 a.u. of length,

where e is the absolute value of the electron charge, m. is the electron mass, h = % is the
reduced Planck’s constant and aq is the Bohr radius. The electrostatic constant 4me; is also
equal to 1.

This research has been published in the peer-reviewed journal Atoms (see citation [1]).
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Chapter 1

Description of the Field

Cross sections of the excitation of helium via proton impact have been experimentally
measured and calculated since the 1960’s; for example, see the articles by Thomas [2, 3]
and the references therein. Obtaining these data has been particularly interesting for
modelling fusion plasma, which was still a focus within the field in the 1990s [4, 5]. On
the other hand, to our knowledge there are no experimental data on the excitation of
helium by antiproton projectiles. However, since 1987 several measurements have been
made for the single and double ionization of helium by antiproton impact and the cross
sections obtained have been compared with the corresponding proton data [6]. As expected,
the effect of the projectile’s charge sign on the result was small in the case of single
ionization. However, for double ionization, the cross section of the antiproton’s impact
was much higher than that of the corresponding proton impact. This result explained
the previously observed Barkas effect for the stopping power of positively and negatively
charged projectiles in matter. The dependence of the double ionization cross section on the
charge sign was explained by the importance of electron correlation and the interference
between first-order and second-order contributions [7, 8, 9]. Since then, several more precise
experimental measurements and calculations have been performed for the ionization of
helium by antiproton impact [10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21], but the excitation
process has generally been neglected. Some calculations were published for proton impact
[22, 23, 24], and even for antiproton impact [25, 26, 27, 28], the focus was not on the excitation
processes. As such, we have no knowledge about experimental cross sections for antiproton

impact.
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Chapter 2

Theoretical Background

In our calculations, we use the semi-classical impact parameter approximation, which
assumes a classical straight-line trajectory for the projectile, and only the electron system
of the target is treated using quantum mechanics. This approach is valid for fast, heavy
projectiles such as protons or antiprotons, for which the de Broglie wavelength is negligible
compared to atomic dimensions. Deviations from the straight-line trajectory because of
Coulomb deflection from the nucleus are negligible. In the case of the lowest considered
projectile energy (100 keV), the deviation is greater than 1° only for impact parameters
lower than 0.05 atomic units. This region contributes to a cross section of less than 0.1%.

Furthermore, the validity of the straight-line trajectory model was also demonstrated
by Classical Trajectory Monte Carlo (CTMC) calculations for projectiles with even lower
energies, down to 3 keV [20]. This semi-classical model cannot be applied to equivelocity light
projectiles (electrons and positrons). In those cases, the de Broglie wavelength associated with
the projectile is close to atomic dimensions, so a classical description would be incorrect, and
a quantum description is needed, as in [29].

The cross section can be expressed as an integral over the impact parameter b

Ginf = f d®bla;_.f[2. (2.1)

Here a;_.s is the transition probability amplitude and 7 and f represent the initial and final
states (i.e. eigenstates of the unperturbed Hamiltonian of the atomic system with energies

E; and Ey, respectively). The transition probability is given by

wiep = gl (2:2)
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2.1 Perturbational Method

To solve the time-dependent Schrodinger equation
0 ~
Z&‘I’(I’l,rz,t) =H\If(r1,r2,t), (23)

we first use a perturbational method. The simplest way to calculate the excitation cross
section is the application of one active electron and first-order perturbation approximation.
The projectile trajectory is assumed to be along the Oz axis. As shown in Appendix A, in
this framework the first-order transition amplitude is calculated as the integral of the matrix
element of the projectile—electron interaction (multiplied by an oscillating factor) over the z

coordinate (the trajectory) of the projectile

Z oo .
aV =i=2 / dze'
v —0o0

Ef—Eiz 1 Z_
” (f ‘m) T ) (24)

Here, r is the position vector of the active electron, Z, is the charge and v is the velocity
of the projectile. E; and E; are the energies of eigenstates ¢ and f, respectively. R(t) is the

position vector of the projectile expressed as
R(t)=b+v-t, (2.5)

where b is the impact parameter and v is the velocity vector of the projectile.

For the single-electron wave functions ¢ and f, the radial and orbital parts are separated

0= Ri(r) Yim, (F), (2.6)

f=Re(r) Yigm, (T). (2.7)

Here, l;, Iy, m; and my are the orbital and magnetic quantum numbers of the active electron
in the initial and final states, respectively.
The interaction potential is expanded using the multipole series

= l
1 T

R() 1] 2ol

Py(cosb), (2.8)

where the Legendre polynomial depends on the mutual angle between r and R, while r. =
min{|r|,|R|} and r. = max{|r|,|R|}.

In order to perform the integral according to the orbital coordinates of the electron, we
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make use of the expression of the Legendre polynomials as a function of spherical harmonics

Y (R) Yy (). (2.9)

4
Py(cosb) = 57 T

Substituting (2.6)—(2.9) into expression (2.4) of the transition amplitude, we perform the

integration over r using the equation

. N N " ~ (2l+1)(2lz+1) 1:0 lem
f Y (8)Yim (8) Y, (£) df = \l oL 1) ool (2.10)

where Cll('gz?-o and C’llfmmi{m are the Clebsch-Gordan coefficients. For the first-order excitation

amplitude, we obtain

(1)_ p (2l+1)(2l+1) lfO Lymg
ey Zl:zz+1\J 12y 1) oo 2 Cilmin®

fmdz iy (R)f drr? R (r) HR(T)

oo

(2.11)

The summation over the angular momentum [ ranges from |l;—[¢| to [;+1;, while the magnetic
quantum number m is determined m = my —m,.

Substituting (2.11) into (2.1) yields a multidimensional integral in b, z and r.
Convergence tests were carried out for the boundaries and step sizes in these integrals to

ensure the accuracy of the obtained results.

2.2 The Time-Dependent Close-Coupling Method

In our ab initio approach, the quantum dynamics of the two active electrons driven by
the time-dependent Coulomb field of the classical projectile are solved numerically using the

TDCC method [19]. The fully correlated two-electron wave function is represented as

1l (r17r27t)
\Il(rl,r2,t) = Z H—Tié\f(Ql,Qg) (212)

lilaLM 172

in the basis of symmetrized coupled spherical harmonics [20, 21]

1
Tﬁ%(gla QQ) = 2+—25]\4 [ l1lo (91,92) ( 1)l1+l2+L+MY21Ll2M(Ql,QQ):| . (213)
0

10
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Substituting (2.12) into (2.3) leads to the TDCC equations, which are a system of coupled
partial differential equations in (ry,ra,t).

For the radial partial wave functions R[})(71,72,t) we have used the finite element
discrete variable representation (FEDVR) [30, 31], where each radial coordinate is divided
into finite elements (i.e., segments with finite length) and inside each finite element the wave
function is represented on a local polynomial basis. For the time propagation of the wave
function, the short iterative Lanczos method [32, 33] with adaptive time step control was
implemented.

The time evolution of the wave function was started from the ground state of He, which
in turn was obtained by performing the negative imaginary time propagation (t - —i7) of
an initial guess wave function.

The excitation probability amplitudes were calculated directly from the time-dependent
wave function by projecting it onto eigenstates of the He target obtained by directly
diagonalizing the discretized Hamiltonian using the Scalable Library for Eigenvalue Problem
Computations (SLEPc) package [34]. Convergence tests were carried out with regard to the
numerical parameters of the model, i.e. the size and density of the FEDVR grid, the simulated
length of the projectile trajectory and the size of the angular basis. These tests ensured the

accuracy of the obtained results.

11
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Chapter 3

Results and Discussion

We have performed calculations for the excitation of helium by proton and antiproton
impact in the projectile energy region between 100 and 1000 keV. In the case of the ab initio
calculations, the two-electron wave functions for the initial and final states were obtained
by our code, but for the perturbational calculations we have used one-electron variational
wavefunctions from the literature. The 1s ground state is taken from the basic configuration
of the wavefunction of Nesbet and Watson [35], while for the 2s and 2p excited states we
have used the wavefunctions given in [36]. The 3d excited state is taken to be simply a
hydrogenlike function. The 2s wavefunction is orthogonalized onto the ground state using
the Gram—Schmidt method.

In addition to excitation cross sections (comparable with experiments), we also show
transition probabilities as a function of the impact parameter in order to identify the impact

parameter regions in which the first-order calculations fail.

12
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3.1 Transition probabilities

The impact parameter dependence of the excitation probabilities in the 2s state obtained
from the perturbational method and the ab initio calculations are presented in Figure 3.1,

where the impact parameter is in atomic units (a.u.).
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Figure 3.1: Transition probabilities for the 1s — 2s excitation process of helium as a function
of the impact parameter for proton and antiproton projectiles in the case of different impact
energies. The results obtained from the ab initio TDCC calculations are presented compared
to the first-order perturbational approximation.

For the highest projectile energy (1000 keV), as expected, the results obtained with the
perturbational method are in good agreement with the TDCC calculations, and there is no
significant difference between the transition probabilities for protons and antiprotons. For
lower impact energies, the higher-order and electron correlation effects become more and
more important, and the difference between the two methods increases. We obtained higher
transition probabilities for protons than for antiprotons for all impact parameters. This may
be caused by the fact that the protons attract the electrons, resulting in a smaller average
electron—projectile distance and a stronger interaction during the collision. The first-order
results are higher than the ab initio data for small impact parameters in the case of both

projectiles.

13
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Figure 3.2: Same as Figure 3.1 but for the 1s - 2p transition.

The 1s - 2p excitation probabilities calculated with the perturbational approximation
and the TDCC method are shown in Figure 3.2. Similar to the 1s — 2s excitation, for
the highest impact energy the transition probability practically does not depend on the
charge sign of the projectile, and the perturbational approach gives comparable results.
For lower impact energies, the difference between the three curves increases, particularly
for small impact parameters. In the case of large impact parameters, where the distant
collision mechanism is dominant [37], the perturbational result reproduces those obtained
from the ab initio calculations very well. This suggests that, in this impact parameter region,
the excitation is mainly a single-electron process and the electron correlation effects can be
neglected, even at 100 keV projectile energy. In contrast, significant differences are observed in
the proton- and antiproton-induced transition probabilities at small impact parameter values.
This indicates that in the excitation process the correlated multi-particle quantum dynamics
plays an important role, which is the fingerprint of the close collision mechanism [37]. An
important difference relative to the 1s — 2s excitation is that, in the present case, the
transition probabilities for antiprotons and for small impact parameters (below 1 a.u.) are
much higher than for protons. For impact parameters above 2 a.u., the transition probabilities

for antiprotons are slightly smaller compared to proton projectiles.

14
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Figure 3.3: Same as Figure 3.1 but for the 1s - 3d transition.

The 1s — 3d excitation probabilities calculated using the TDCC and the perturbational
method are shown in Figure 3.3. Similarly to the previous cases, for a 1000 keV projectile
energy the transition probabilities are practically the same for protons and antiprotons,
and the first-order approximation reproduces the TDCC results well. For lower impact
energies, the TDCC method leads to higher excitation probabilities for antiprotons than
for proton projectiles below the impact parameter b = 1, and higher transition probabilities
for protons at larger impact parameters. The perturbational method underestimates the

results especially for small impact parameters, and at 100 and 250 keV projectile energies.
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3.2 Excitation cross sections

The excitation cross sections for the 1s — 2s transition are presented in Figure 3.4 for
proton (left panel) and antiproton (right panel) projectiles as a function of impact energy.
Our TDCC and perturbational results are compared with the theoretical calculations for
protons by Alladustov et al. [23], and for antiprotons with the calculations by Igarashi et
al. [27] and the coupled pseudostate (CP) results of McGovern et al. [28]. We also show the
recommended values proposed for proton projectiles by Heer et al. [5]. Our TDCC results
show a good overall agreement with these data for both projectiles, but for lower proton
energies we obtain up to 10% smaller cross sections than the recommended values. The
first-order results are close to the ab initio ones for proton projectiles even at the lowest
energy, while they overestimate the cross sections obtained with antiprotons up to a factor
of 2.2 at 100 keV. This observation suggests that, for this transition, electron correlation and

higher-order effects are more important for antiprotons than for protons.
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Figure 3.4: Excitation cross sections of helium for the 1s — 2s transition as a function of
the projectile energy for proton (left panel) and antiproton (right panel) projectiles. The
results of the first-order perturbation approximation and the TDCC method are compared
with the recommended values given by Heer et al. [5] and the theoretical results of Alladustov
et al. [23] for proton projectiles, and the calculations of Igarashi et al. [27] and McGovern et
al. [28] for antiproton projectiles.
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Figure 3.5: Same as Figure 3.4, but for the 1s — 2p transition. The results for protons are
compared in addition to the calculation of Rodriguez et al. [22] and the experimental data
of Hippler et al. [38].

The excitation cross sections for the 1s — 2p transition obtained with proton and
antiproton projectiles are shown in Figure 3.5 as a function of projectile energy, in
comparison with other theoretical calculations and experimental and recommended data
(for proton impact). In this case, our TDCC method yields slightly lower values than the
recommended and experimental values for protons, as well as for both theoretical calculations
for antiprotons, at all energies. However, for proton projectiles the present TDCC results
are in good agreement with the recent convergent close-coupling (CCC) calculations of
Alladustov et al. [23]. This is not a surprise since both approaches use a relatively large
basis set during the solution of the time-dependent Schrodinger equation. In contrast, there
is noticeable difference between the present TDCC results and previous calculations [27, 28]
for antiprotons, which can be attributed to the smaller basis sets used in those calculations.
Our perturbational results are higher than the TDCC ones for both projectiles. While these
results show good agreement with other theories for antiprotons and with experimental data
for protons above a projectile energy of 500 keV, they overestimate all other data below this

energy.
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The excitation cross sections calculated for the 1s — 3d transition are presented in
Figure 3.6, in comparison with the available recommended and experimental values for
proton impact, and theoretical calculations for antiproton impact. In the case of protons,
the TDCC results agree well with the recommended values for energies above 500 keV. For
the low energies (below 200 keV), there is a good agreement with the experimental data of
Van den Bos et al. [39]. Here, the recommended values are lower. In contrast to the other
two excitations, in this case the first-order results are lower than the ab initio ones. In the
case of antiprotons, our TDCC results are lower than those of the other two calculations
of Igarashi et al. [27] and McGovern et al. [28]. Surprisingly, our first-order results are in
perfect agreement with the ab initio ones above 250 keV. Below this energy, however, the

first-order calculations underestimate the TDCC results.
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Figure 3.6: Same as Figure 3.4, but for the 1s — 3d transition. The results for protons are
compared in addition to the experimental results of Van den Bos et al. [39].

Finally, in Figure 3.7, we present a comparison of the excitation cross sections for
proton and antiproton projectiles obtained using the TDCC method and the first-order
approximation for all three excited states studied. One may observe that, for the excitation
of the 2p state, the cross sections for protons and antiprotons are almost identical. This
does not mean that higher-order effects are not important; as we have seen in Figure 3.2,
transition probabilities depending on the impact parameter differ for the two projectiles. For
this excitation, the effects for small and large impact parameters cancel each other out. The
first-order perturbational results overestimate the TDCC ones for all energies, especially on
the lower side. In the case of the other two studied excitations’ cross sections, the results
for protons are comparatively higher than those for antiproton projectiles. As expected, the

difference increases for lower impact energies, because here, higher-order effects, responsible
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for the Barkas effect, are more important. The perturbational results reproduce the TDCC

cross sections for the excitation of the 2s state by proton impact almost exactly, and for the

excitation of the 3d they are in very good agreement with the TDCC results for antiprotons

above 250 keV. Looking at Figures 3.1-3.3, this agreement is also a result of the cancellation

of differences in transition probabilities for small and large impact parameters. It can be

also observed, that the difference between proton and antiproton excitation cross sections is

significantly larger in the case of dipole-forbidden transitions compared to the dipole-allowed

transitions. This behaviour was also observed in the case of the H target [8].
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Figure 3.7: Comparison of excitation cross sections for helium, obtained using TDCC
calculations for proton and antiproton projectiles, and the perturbational approximation.
Excitation to the 2s, 2p and 3d states are presented as a function of projectile energy.
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Conclusions

We have performed perturbational and ab initio TDCC calculations for the excitation
of helium by proton and antiproton impact. Studying the impact parameter dependence
of the transition probabilities, we have observed that these behave differently for the three
studied excitations. For the 2s state transition, the probabilities for antiprotons are higher
relative to protons for all impact parameters. In the case of the excitation of the 2p and 3d
states for small impact parameters, the transition probabilities for antiproton projectiles are
higher, while for larger impact parameters the proton projectiles induce the transition with
a higher probability.

Concerning the excitation cross sections as a function of the impact energy, the results
for proton and antiproton projectiles are practically equal for the highest considered energy,
1000 keV. This suggests that higher-order effects, responsible for the dependence of the
cross section on the projectile charge sign, can be neglected in this case. Consequently, the
first-order perturbational calculations reproduce the TDCC results well at this energy. For
lower impact energies, in the case of the excitation of the 2s and 3d states, higher cross
sections are obtained for protons than for antiprotons. For the excitation of the 2p state,
the cross sections obtained with proton and antiproton projectiles are almost the same.
Concerning the perturbational results, these overestimate the TDCC ones for the 2p state,
while in the case of 2s they reproduce the cross sections obtained with protons almost exactly.
As for the 3d state, the perturbational result is below the TDCC ones for the lowest impact
energy (100 keV), while for higher energies follow the TDCC data for antiprotons.

Comparing our results with other calculations, and in the case of the proton impact
on the recommended and experimental cross sections (excitation of the 2s), the agreement
is very good. In other cases, such as the excitation of the 2p state by proton impact, our
TDCC results are in good agreement with other elaborate calculations [23], but are below
the experimental and recommended cross sections. For the excitation of the 3d state with

the same projectile, the agreement with the experimental data (small impact energies) or
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the recommended values (higher energies) is good. In case of the excitation of the 2p and
3d states by antiproton projectiles, our TDCC results are below the other two available
calculations, which can be attributed to the relatively small configuration space on which

the Schrodinger equation was solved in those studies.
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Appendix A

Perturbation Theory

The derivation of the first-order perturbation approximation presented here is based on
[40].

Suppose that the time-dependent Hamiltonian of the system can be written in the form:
H(t)=HO +V (1), (A1)

where H(® is the time-independent unperturbed Hamiltonian, and V() is the
time-dependent perturbation potential. The eigenstates and eigenvalues of H(® are known.

The evolution of the atomic system is described in the Schrodinger picture by the
evolution operator U(t,ty). The evolution operator is defined by the following integral

equation, which is equivalent to the Schrodinger equation:

t
Ut to) = 1—i f H(r)U (7, to)dr (A.2)
to
and the initial condition
U(to,to) = 1 (AS)

The U(t,tp) evolution operator is unitary

Ut to)UT(t, o) = UT(t, o) U(t,t0) = 1. (A.4)

It also satisfies the composition property

U(tg,to)ZU(tQ,tl)U(tl,to),t2>t1>t0. (AS)
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The evolution operator corresponding to the H(® operator is defined as:

t
UO(t, to) =11 f HO () UO (7, t0)dr, (A.6)
to

U (tg,t0) = 1. (A7)
Since H( is independent of time, the solution has the form:
UO (t,t) = exp [-iHO(t - 1,)]. (A.8)

Using U©)(¢,ty) we can write the evolution operator for the states in the interaction

picture:
Ur(t,to) = U (¢, 1)U (t, o), (A.9)
which satisfies the equations:
t
Ur(t, to) = 1=i [ Vi(D)Us(r.to)dr, (A.10)
to
U[(to,to) = 1, (All)
where
Vi(t) = U (1, 1)V () U (¢, 1) (A.12)

The evolution operator in the interaction picture can be expanded as:

Ut to) =1+ S U™ (1), (A.13)
n=1

U™ (t,t0) = (=i)" Al .. dr Vi(7)Vi(Taer ). Vi(71). (A.14)

t>T>Th-1>..>T1>10

Transforming back to the Scrédinger picture results in the following expansion:

U(t7 tO) = U(O) (t7 tO) + Z U(n) (ta t0)7 <A15)
n=1
U™ (8 t) = (=i)" [ drndTn 1. dT U (1, 7)V (1) %
t>Tn>Tn-1>...>T1>t0 (A16)

X U(O) (Tn,Tn,l)V(Tn,l)...U(O)(TQ, Tl)V(Tl)U(O) (Tl,t()).
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Using (A.15) we can write the expansion for the transition amplitude:
aip = (fIU(t, o)) = Z (FIU™M]i). (A.17)

The first-order amplitude can be expressed as follows:

(UL = [ dr (7 v @0 T = [ dr e EeE gy @, (A18)

The perturbation potential is the Coulomb interaction potential between the active

electron and the projectile:

7y . (A.19)

O R )

Here R(t) is the position vector of the projectile and r is the position vector of the active
electron. Z, is the charge of the projectile.
The projectile’s position vector can be decomposed into a component parallel to the

projectile’s trajectory and a component perpendicular to it.

R=z+b, (A.20)
R=V2z2+12 (A.21)

Using the substitution z = vt, the first-order amplitude takes the following form:

NONNT N R
Ay =i /_oodze

i 1
” (f ‘|R<t> T

Finally, the first-order approximation of the cross section for the ¢ - f transition can be

z> . (A.22)

calculated as follows:

o= [ @bla® )P = [ @bal;(b)al;(b) (A.23)
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