{ Advanced-solid state physics—

A schematic of the soft phonon-mode in
graphene. The undistorted graphene lattice

is shown in yellow.

Image credit: Chris Marianetti



Energy Storage

How is the energy stored?
Phonons — thermal waves - vibrational modes
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When wave propagates in the solid,

there are one longitudinal and fwo transverse
polarizations .

s+l s+2 s+3

https://wiki.fysik.dtu.dk/ase/ase/phonons.html



2-D

3-D

https://wiki.fysik.dtu.dk/ase/ase/phonons.html



Phonons :

A quick overview

in solid-state physics, a quantized particle-like unit of vibrational
energy arising from the oscillations of the atoms within a crystal. Any
solid crystal, such as ordinary table salt (sodium chloride), consists of
atoms bound into a specific repeating three-dimensional spatial
pattern called a lattice. Because the atoms have thermal energy, the
lattice vibrates in response to applied forces and generates
mechanical waves that carry heat and sound through the crystal. In
guantum mechanics a packet of these waves constitutes a phonon,
which travels within the crystal with particle-like properties.

A phonon is a quantum of vibrational mechanical energy, just as
a photon is a quantum of light energy.

Enciclopedia Britannica


http://www.britannica.com/EBchecked/topic/145105/crystal�
http://www.britannica.com/EBchecked/topic/486231/quantum-mechanics�
http://www.britannica.com/EBchecked/topic/458038/photon�

etc.

The number of normal vibration modes for discrete systems



(n - ~1)d nd (n+1)d (n+2)d

2)d
P VAN /‘\/\/\A./\V/\v/\v/\.fﬂ A AL
xni.? Xn-1 Xn Xn+1 Xn+2

*» Comnsider a linear chain with one atom per unit cell. At rest, these atoms
occupy the positions X, = nd. We look at the longitudinal excitations of this
linear chain. Hence. we call x the displacement of the n® atom from its
equilibrium position.

» If the displacements are small compared to d, we can imagine that each atom
will experience a restoring force from its nearest neighbors that 1s
proportional to the change of length of the distance between the two atoms.

*» Hence. we write Newton law to get the equation of motion:
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] _ _ _ See Kittel for this
We look for a harmonic solution in time:
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This Is a second order linear recursion relation. \We
know that we can look for a solution:x,, = AeXp(H-a). Since
the x,, cannot blow up (they are small compared to d), «
must be purely imaginary: o = ikd. Note that k is defined
modulo a wavevector K of the reciprocal lattice K =n211/d:

kK ork + K lead to the same displacements X_,

Our ansatz is possible only for a special relationship
between w, the time dependent variation and K, the spatial
dependence. This is called the dispersion relation w(k).
Here:
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Sound wave: All the x_, vibrate in phase

Stationary wave: all |x,| = A. Two consecutive
atoms vibrate in phase opposition.

sound velocity



Allowed k values




[N + 1la) = u(a); w0) = {Na). (22.24)

Figure 22.6
The Born-von Karman or periodic boundary condition for the linear chain.
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Figure 22.7
An alternative representation of the Born-von Karman boundary condition. The object con-

necting the ion on the extreme left with the spring on the exireme right is 4 massless rigid rod
of length L = Na.

Aschroft



Why sound velocity?




Dispersion curve (k)= ,,|sin(ka/2)|

A <2a
(redundant)

A <2a

A/

-Tt/a TT/a

The waves with wave numbers k and k+2n/a describe the
same atomic displacement

Therefore, we can restrict k to within the first BZ [-n/a,t/a]

http://www.wikiwand.com/en/Phonon
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The displacement can always be described by a wavevector
within the first BZ.

Reduced zone scheme
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Frequency, w

Longitudinal Acoustic (LA) Mode

Transverse Acoustic (TA) Mode

Wave vector, K

n/a
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At equilibrium A(B) atoms occupy the even (odd) sites.

We call u,, (v,,.,) the displacement of the 2nt" (2n+1)t A
(B) atoms with respect to their equilibrium positions.
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The Brillouin zone [-1/2d, r/2d] is twice as small as in the
linear chain with one atom per cell. This is because the direct
lattice has a period 2d.
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Dispersion relations of the longitudinal vibrations

of a di- atomic linear chain
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Neark=0
. 1 1 -
2 S Optical branch
Q) mz(,(Ml+M2) P
Cr2 '
2 2.2 Acoustic branch
W= M +M, Ka

Group velocity for acoustic branch (sound velocity)

, _do _ [C
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Near k = 0 for acoustic branch

a

U=y - vibration in the same direction.

for optical branch

H=—-—=v : two atoms vibrate in opposition.

ACOUSTIC PHONONS: Near k£ = (, acoustic phonon energies are

small

kgT
n(w) ~ %

— Even at low temperatures acoustic phonons are important.

OPTICAL PHONONS: Near k = 0, optical phonon energies are
quite large (~30-60 meV). At low temperatures, phonon
number 1s negligible.
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OPTICAL VIBRATION BRANCH
I

from Ibach and Luth
Solid-State Physics

An Introduction to Principles of
Materials Science
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Hence

For acoustical modes the two atoms of the unit cell vibrate in
phase.
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For optical modes the two atoms of the unit cell vibrate 1in phase
opposition.
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http://www.chemistry.uoguelph.ca/educmat/chm729/phonons/optmovie.htm
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why optical branch?



(Generalization to actual lattices (several
atoms per unit cell)

e There 1s a new feature brought by the fact that
there are several atoms (different or not) 1n the
unit cell: this 1s the existence of optical modes.

e An optical mode has a finite w at k = 0.
Acoustical modes have w(k =0) = 0.

For a 3 D crystal there are 2 additional transverse waves

e In general, for s atom per unit cell, there are 3
acoustical modes and 3s - 3 optical modes.



S atoms per primitive cell 3s vibration branches
Acoustic (3) : LA (longitudinal)
TA; (transverse)
: : TA, (transverse)
Phonon dlsperS|on Optic (3s-3) : LO (longitudinal)

TO (transverse)
Brillouin zone boundary

3s phonon-
branches optic
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Acoustic

Optical
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https://www?2.warwick.ac.uk/fac/sci/physics/current/postgraduate/regs/mpags/ex5/phonons/



Dispersion Relations: Theory vs. Experiment

In a 3-D atomic lattice we

different branches of the
dispersion relation, since
there are two mutually
perpendicular transverse
wave patterns in addition
to the longitudinal pattern
we have considered.

L Aluminum at 300 K o

expect to observe 3 e

Along different directions In
the reciprocal lattice the
shape of the dispersion
relation is different. But
note the resemblance to the
simple 1-D result we found.

Figure 24.2

Phonon dispersion relations in aluminum, measured along the k-space lines I'X and I'KX by
neutron scattering. The estimated error in frequency is | to 2 percent. Each point represents an
observed neutron group. (After J. Yarnell et al., Lattice Dynaniics, R. F. Wallis, ed., Pergamon,
New York, 1965) Note that the two transverse branches are degenerate along I'X (4-fold axis),
but not along 'K (2-fold axis). See Chapter 22.
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http://www.phonon.fc.pl/index.php
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Dispersion in Si
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Dispersion in GaAs (3D)
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http://physics.stackexchange.com/questions/81097/what-determines-phonon-phonon-collisions



Review
Fundamental concepts needed to understand the vibratory motion of atoms:

Normal mode of vibration : all atoms oscillate with the same frequency.

Only , determined by interatomic
forces, occur in any given solid. --- periodic arrangement of atoms

Normal mode displacements for these materials have an especially simple
form and are relatively easy to discuss.

4 )

If the displacements of atoms from their equilibrium sites are small,
the forces they exert on each other are proportional to their displacements,
as if the atoms were connected by ideal spring.

> | Atomic motions are simple harmonic. y

-

# substitute expressions for the forces into Newton’s 2nd law

# generate a set of differential equations, one for each atom

#t seek solutions for which all atomic displacements have the same frequency



The energy of an elastic mode of angular frequency
IS

_ 1
En = (Vl + B ) hao
It is quantized, in the form of phonons, similar to

the quantization of light, as both are derived from a
discrete harmonic oscillator model.

Elastic waves in crystals are made up of phonons.
Thermal vibrations are thermally excited phonons.



1 _ 1
ng = (ﬂf1> - 1
exp(fhw,) -1 k,T

The number of quantas being not fixed, the chemical potential

1S Zero.
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Figure 1 Plot of Planck distribution function. At high temperatures the occupancy of a state is
approximately linear in the temperature. The function {(n) + %, which is not plotted, approaches the
dashed line as asymptote at high temperatures. The dashed line is the classical limit.

Kittel



Einstein model of calculating the specific heat C,, (1907)

Assume that each atom vibrates independently of each
other, and every atom has the same vibration frequency o,

SEsS
124
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U=pN <;;>+l hw, =3N na, N2 % B
2 exp(fiw, /kT) -1 2 " >kl T S S
5 y % |I 3.)'"! 1
Ty} o . FrErET T
— l:aL'T ."Ir dT}f [ ) ° i 3 = 271—1;; ?.'f - i

kT (Eﬁmu.-ﬂ 1 1)- AR | |

.- ol | .
== e—fzm,:,.-k}' as T —=0°K T T ]El;: 06 07 05 ulg 10

Figure 11  Uomparison of experimental values of the hear capacity of diamond with values caleu-

(Aﬂilvatl on b e ha"u"l Dr) lated on the earliest gquantum (Einstein) model, using the characteristic temperature 8, = halk, =
1320 K. To convert to I'mol-dez. multiply by 4. 186

http://phy.ntnu.edu.tw/~changmc/Teach/SS/SS_note/



from Kittel

Figure 6 Allowed values in Fourier space of the phonon wavevector K for a square lattice of lat-
tice constant a, with periodic boundary conditions applied over a square of side I = 10a. The uni-
form mode is marked with a cross. There is one allowed value of K per area (22/10a)* = (2w/L), so
that within the circle of area 7K* the smoothed number of allowed points is mK*{L/2m)"

The K = 0 solution is the uniform mode.



Debye temperature

Table 1  Debye temperature aod thermal conductivity”

kB'eD =h-a)D

Li Be B C M Q F Ne
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In general, a harder material has a higher Debye temperature

http://phy.ntnu.edu.tW/~changmc/Teach/SS/SS_note/



Debye model (1912)

In actual solids, because of the atomic
bonds, the atoms vibrate collectively in
a wave-like fashion.

W B CHSPLACEMENT

LTy — Enk’shm“ (ho, . /2 neglected)
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Debye assumed a simple dispersion :
relation : ® = v, k. Therefore, — | Actual density of
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5
=
o
& Debye
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http://phy.ntnu.edu.tW/~changmc/Teach/SS/SS_note/



F

Thus the thermal energy is

U()= QTXD((D) hw<n(w,T)>do)

=0

Heat capacity

 The heat capacity is the change in energy per unit
change in temperature
C, =du/dT

See Kittel for details

 Thus in the Debye model

U=9Nkg T (T/©)3 IDKDdx x3/(exp(x) -1)
and

Cy=9NKkg (T/O I dx x* exp(x) /(exp(x) -1)




Also, the range of integration Is slightly changed.

The 1st BZ is approximated by a
sphere with the same volume

o )" (em*NY"
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http://phy.ntnu.edu.tW/~changmc/Teach/SS/SS_note/



Comparison between the two models

Energy dispersion

http://phy.ntnu.edu.tW/~changmc/Teach/SS/SS_note/

At low T, Debye’s curve drops slowly
because, in Debye’s model, long wave
length vibration can still be excited.
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Figure 27,72 Comparizon of Eirsten and Detwe model predictions with data for the heal capacity of copper,

solid Argon
(6=92 K) Al




A simple explanation for the 73
behavior:

Suppose that

1. All the phonons with wave vector k<k;
are excited with thermal energy AT.

2. All the modes between k+ and kj are
not excited.

Then the fraction of excited modes
= (kilkp)? = (TI).

energy U = kT-3N(T/6)3, and the
heat capacity C = 12Nk(T/6)3

L S



Debye temperature ?

- above 6y ho suplimentary vibration modes are excited.

‘Below 6y the vibration modes start to freeze.



Debye Model: ;.
Theory vs. Expt. S ek

= Pb, 102°K
x C, 1860°K

Better agreement
than Einstein R S -
model at low T 78

Fig. 3.13 Specific heats versus reduced temperature for four substances. Numbers refer
to Debye temperatures. Note the high Debye temperature for diamond.

Universal behavior Table 3.1

fOI’ a” SOlidS! Debye Temperatures

Element 0p, °K Compound 0p, "K

Li 335 Na(l 280

Na 156 KCl 230
Debye temperature . e CaF, 470

IS related to iu 332 ’;g o 322
(TP 1 . g 4 510, (quartz
stiffness” of solid, Au 162
as expected o =2

Pb 102

Ge 378

Si 647

C 1860

from Kittel



Debye Model at
low T: Theory
vS. EXpt.

._.
w
w
w

Quite impressive
agreement with
predicted C,, oc T3
dependence for Ar!
(noble gas solid)
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Figure 11 Low temperature heat capacity
In this temperature region the experi
ment with the Debye T? law with 6, = 92
N. E. Phillips.)




Phonons and thermal properties of solids

https://courses.physics.illinois.edu/phys460/fa2006/handouts/460-lect11.pdf



 There is no thermal expansion In the harmonic

apprommahon! Harmonic Approximation
Why? E = Y2 C X2
In the harmonic approximation
the magnitude of the force is
symmetric around the
minimum (F = -CXx).
Therefore, the vibrations are
symmetric = the average
position <x> is always the o
center, i.e.. Minimum
<x>=0 Distance Between Atoms
and
there is no thermal expansion

Energies of Crystal




 Anharmonicity causes thermal expansion.

Why?
If the potential energy curve is
not symmetric, the vibrations

are not symmetric = the
average position <x> changes
as the magnitude of the
vibration increases, i.e.,

<X> Increases

and

there Is thermal expansion

Anharmonic potential energy
E="% C\x2 + (1/6) A x3

Energies of Crystal

Minimum

Distance Between Atoms



What causes heat transport in a solid?

 Motion of the atoms is thermal energy

 But the atoms vibrate around their sites and do
not move through the solid

- How does energy moves from hot to cold?

« The amplitude of the vibrational motion is
transferred through the solid — hotter atoms
transfer energy to colder atoms

 How do we describe this?



Phonons also act like a gas
A phonon is a particle - a quantum of vibration

* |t carries energy just like a molecule.

« Phonon can come to equilibrium by scattering just like
molecules

« Scattering is due to defects and anharmonicity.
* Leads to heat transport just as for molecules

K=(1/3) C v L= thermal conductivity
W ff_iQ“w ~
F W, \>g/ | cold
N }?\‘\f’“"k .%VQ»

Heat Flow

hot [

https://courses.physics.illinois.edu/phys460/fa2006/handouts/460-lect11.pdf



Phonons also act like a gas
 What is different about phonons and gas molecules?

* The heat capacity ~ T3 atlow T, ~ 3Nkg at high T

* The density of phonons <n> increases with T.
Scattering increases ~ <n> since each phonon has
scatters from other phonons. Therefore we expect the
mean free path to decrease with T

RSy ﬁ' |
hot | \‘!"( " cold
™~

Heat Flow

https://courses.physics.illinois.edu/phys460/fa2006/handouts/460-lect11.pdf




A thermal current only arise in a temperature
gradient, and the thermal current density is

proportional with the gradient

q:Q/A:—KVT




see Enns

Phonon—Phonon Scattering

The most important interaction process between phonons is the three-phonon
process in which two phonons merge into a single phonon, or a single phonon
decays into two phonons. Conservation of energy and quasimomentum
requires:

hwq + hwo = hws and hq + hqe = hqs + hG

Depending on the signs, these equations reflect the creation or annihilation of

a phonon in the collision process. A characteristic feature of qguasimomentum
conservation is the occurrence of a reciprocal lattice vector G in this equation.
Processes that do not involve a reciprocal lattice vector are called normal processes,
whereas those that do, are called umklapp processes.




(010) (110) (010) (110)

h“ 1 (100) (100)

Fig. 6.9. Three-phonon processes. Full circles represent the reciprocal lattice.
(a) Normal process: the wave vectors of all phonons lie within the grey tinted first
Brillouin zone. (b) Umklapp process: the resulting vector gz ends outside the first
Brillouin zone. Addition of the reciprocal lattice vector G leads to the vector g4

mside the zone

see Enns



see Kittel

(a) {3

Figure 17 (a) Normal K, + K, = K; and (b) umklapp K, + K; = K3 + G phonon collision pro-
cesses in a two-dimensional square lattice. The square in each figure represents the first Brillouin
zone in the phonon K space; this zone contains all the possible independent values of the phonon
wavevector. Vectors K with arrowheads at the center of the zone represent phonons absorbed in
the collision process; those with arrowheads away from the center of the zone represent phonons
emitted in the collision. We see in (b) that in the umklapp process the direction of the x-component
of the phonon flux has been reversed. The reciprocal lattice vector G as shown is of length 27/a,
where a is the lattice constant of the crystal lattice, and is parallel to the K, axis. For all processes, N
or U, energy must be conserved, so that w; + w; = w;.



Phonon-phonon scatteringJ

phonon displaces atom which changes the force constant C (anharmonic terms)
—) SCAtter other phonons

@phonon process
Normal processes : all ks are in BZ

1st BZ in

K, +K, =Kk,
k-space

crystal momentum is conserved

k,+k, =k outside BZ
1st BZ in
k-space

k,+k, =k; +G
such processes can reverse the
direction of heat transfer



Mean free path A = 1
n-x

n- the density of scattering centers

> —scattering cross section

Normal Processes

As already mentioned, the sum of the quasimomenta of the colliding phonons is
conserved in N-processes, and consequently the total quasimomentum P of all

phonons is also conserved. p — Z nghq = const.

q

n, represents the number density of the phonons with the wave vector g.

snormal collisions do not diminish the transport of
momentum

schange the frequency of the colliding phonons
and thus contribute to the establishment of the
local thermal equilibrium.

= nocT?

= Y«T? \

AocT”

5




At very low temperatures: collisions with defects

A = constant

[J~T?

%:EC.V.A
3

T T A

0.0 § 1 i 1 i 1 i 1 i 1 i 1 i 1 |
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Umklapp Processes Enns

It is possible for g5 to lie outside the first Brillouin zone even if three phonons
take part, as in the N-process. In this case, the addition of a reciprocal lattice
vector brings the wave vector of the generated phonon back into the first zone.
However, the total quasimomentum P is changed by these umklapp processes
and consequently the heat flow is degraded.

At high temperatures, the overwhelming number of excited phonons are
phonons with a frequency close to the Debye frequency wy and a wave vector
comparable with that of the zone boundary. As a consequence, virtually every
collision leads to a final state outside the Brillouin zone and is therefore an
umklapp process. At T > O the number of thermally excited phonons and

hence the density of scattering centers [1 rises proportional to T. Since the

frequency of the dominant phonons is wp that does not change with
temperature, the cross section 2 for the phonon—phonon collisions is
constant.

T > e

AocT™ %=%C-V-A —> v oc T

C ~ const.




Intermediate temperature

Umklapp processes are only possible if the colliding phonons carry high
enough momenta. Roughly speaking, this condition is fulfilled for phonons
with the frequency w > wp/2. At intermediate temperatures, i.e., below the
Debye temperature, the number of phonons with energy hwp /2 decreases
rapidly on cooling. The probability for finding such phonons follows from the
occupation number f(w,1"). Since hwp > kp1’, we may use the approxima-

tion f(w,T) = [exp(hwp /2kpT) — 1]71 =~ exp(—hwp /2kpT) = exp(—O/2T),

NaF

—
o
o
I
|

O/2T

—
o
|
|

woc Aoce

—

Thermal conductivity A / W cm K

—

10 100
Enns Temperature T/ K



Phonon mean
free path A
(oct )

Log-log plot

T (K)

Very low T,
A:vg'c —constant

A=vgt o (1/T)exp(1/T)
dominated by U process

A=v T oc T
oc number of phonons

No distinction between
N and U processes



Log-log plot of ¥(T)

100

Below 5K, enriched Ge’ shows
T3 dependence of ¥
due to boundary scattering

IKl

At low temperatures, A —» L
(sample’s size)

Phonon propagation ~ ballistic

K =(1/3)v4AC,, ~ v4LC,

Kk oc C,c T2 Debye

conductivity, K in W em

At intermediate temperatures,
K=(1/3)v4AC, =(1/3)v,*1C,,




Thermal conductivity of LiF crystal bar see Enss

Different cross sectional area
(@) 1.33mm x 0.91mm
(b) 7.55mm x 6.97mm

Data show
1. Below 10K, K oc T3

2. As temperature increases, K increases
and reaches a maximum around 18K.

3. Above 18K, k¥ decreases w/. increasing
temperature and follows that exp(1/T).

4. Cross sectional area influences
below 20K. Bigger area crystal has,
larger x it has.

20 50 100




Phonon Thermal Conductivity

Kinetic Theory K EC,V A= EC|V2

Decreasing Boundary
. Separation

Increasing
Defect
Concentration

Phonon

Boundary Defect Scattering |

0.01 0.1 1.0

Temperature, T/6,

v

DIELECTRICS

Phonon Scattering Mechanisms

* Boundary Scattering
» Defect & Dislocation Scattering
* Phonon-Phonon Scattering

Increasyyg Defect
Concentration
d
k| oC T
Phonon
Boundary Defect  Scaltering
0.01 0.1 1.0

Temperature, T/6p



Other effects

(Watt/m/K)

Impurity scatterings

Defect scatterings

break periodicity

v



Electronic specific heat

Conduction electrons in a metal =
free electron gas

o classical statistical physics (Drude-
Lorentz model) :
C,=constant = 3/2 R

e quantum physics : e = fermions
= Pauli exclusion principle
= Fermi-Dirac statistics

C,=7vT |with y=2/3 12 k2 n(E;)

el —

Metal Ctota|: Cphonons
C/T=p8T2+y

+C =13+ yT

électrons™

Kittel

nickel

Palladium|

Palladium

y~ 9 mJ K?mole:




Thermal Conductivity of Metals

Q (heat flow)
Th TC
L
Q= ath —Te _yadT
L dx

Thermal conductivity

Thermal Properties of Materials, Li Shi, Texas Materials Institute
The University of Texas at Austin



For metals: 21,2 . dT
K, = lCVVA _iz nszT Ve A G=Kg——
3 3 mv; dx

Kittel

de, 7. df 2
Specific Heat Ce¢ =——== _[ E——D(E)dE c == (kBT )nkB
0

dT d e in 3D
2 \ Ec
Thermal Conductivity electrical Conductivity
1 1 ne? Mean free time:
K., ZECeVFAzgceV,ETe o=— 7 .= Al v,

m

2
K 7 2 (kB ) Wiedemann—Franz law (1853)
e T — LT ALE e / .
€

Lorenz number £ = 2.45 x 1078 V2K—2 Enns



At high temperatures, assumptions of the Wiedemann-Franz law are
fulfilled.

At moderately low femperatures, processes with small momentum changes
dominate.

The Wiedemann—Franz law would fail when the temperature is lowered below 273 K,
since the inelastic scattering effect becomes substantial. This leads to a greater

degradation of the thermal current than the electrical current.

el

ol
Lorenz number £ = 2.45 x 10~8 V2 K2

differs from the Lorenz number

at very low temperatures impurity scattering dominates both electrical and
thermal transport, and the Wiedemann—Franz law generally recovers.




100
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o

%]
o
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o

Thermal conductivity A /W cm KT

Temperature T/ K

from Enss

Fig. 7.13. Thermal conductivity of
a copper foil 60 um thick and 20 mm
wide. By heat treatment, the resid-
ual electrical resistivity and the ther-
mal conductivity were varied. The
calculated thermal conductivities are
shown by full lines [313]



Thermal conductivity A/Wem K™

I
o

N
o

o

m‘ﬁ———o

| | | | |
20 40 60 80 100

Temperature T/ K

o

from Enss

Fig. 7.14. Thermal conductivity of
copper. As in dielectric crystals, a
pronounced maximum is observed
[314]



Electron Scattering Mechanisms

» Defect Scattering

 Phonon Scattering

* Boundary Scattering (Film Thickness,
Grain Boundary)

Bulk Solids

v
Increasing
Defect Concentration

Defect Phono
Scattering Scattering

> Grain Grain Boundary
Temperature, T

Thermal Properties of Materials, Li Shi, Texas Materials Institute
The University of Texas at Austin



Thermal Conductivity, k [W/cm-K]

Thermal Conductivity of Cu and Al

1 1

ke — _CeVFAe — _Cevliz-e
3 3

Matthiessen Rule;

102}

Defect Scattering

Aluminum

1 1 1 1
= + +

Te 7'-defect Tboundary v phonon

1 1 1 1
= + +

A e A defect boundary phonon

Electrons dominate
thermal conductivity in
metals

Phonon Scattering
" PR S T A I |

0
10
10°

10t 102
Temperature, T [K}

10°

Thermal Properties of Materials, Li Shi, Texas Materials Institute
The University of Texas at Austin
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