Transport Phenecimena i Selies

Motions of electrons and transport phenomena

Jens ity of it

Some pictures are taken from the UvA-VU Master Course: Advanced Solid State Physics by Anne de Visser (University of Amsterdam), Solid State Course by
Mark Jarrel (Cincinnati University), from Ibach and Lith, from Ashcroft and Mermin and from several sources on the web.



the study of transport phenomena in
physics is related with the exchange of

mass, energy, and momentum studied

systems.

fluid mechanics, heat transfer, and mass transfer

*in solid state physics, the motion and interaction of electrons, holes and

phonons are studied under "transport phenomena".
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Introduction. Transport Processes

Nonequilibrium System

steady state

Entropy (reservoir 1+reservoir 2+ System) INCREASES

Driving force=Temperature gradient | —) Transport of Energy

Flux = (coeficient) x (driving force)

Linear phenomenological law (if the force is not to large)

e.g. Ohm’s law for the conduction of electricity



J 4= flux density of A = net quantity of A transported

across area in unit time

Net transport = the transport in one direction — the transport in oposite direction



J,=-D-grad p,

Table 14.2 Summary of phenomenological transport laws

¢ = electrostatic potential
clectric field intensity

Flux of
particle
Effect property Gradient
e dn
Diffusion Number 0
dz
L dv,
Viscosity Transverse M e
momentum 4z
d ~ dT
Thermal Energy Pu _ (o
conductivity dz dz
. d
Electrical Charge L E.
conductivity dz
SYMBOLS: n = number of particles per unit volume
7 = mean thermal speed = {|s|> E
_ I = mean free path q
(). = heat capacity per unit volume M
P, = thermal energy per unit volume o
F /A = shear force per unit area p

I |

Coeflicient

Diffusivity D

Viscosity #

Thermal

conductivity K

Conductivity a

electric charge

momentum

mass of particle
mass per unit volume

Law Name of law
— Dgradn Fick’s law
. du, . L
JJS=—n . Newtonian viscosity
—K gradt Fourier’s law
oFE Ohm’s law

from Enss

Approximate
expression
for coeflicient

D = 5Tl

n = 3pcl

K = ’:Ii(‘\‘V-[
ng*l

o =-—
M7



Particle diffusion from Kittel, Thermal Physics

T= constant

[ —

particle flow

Entropy (reservoir 1+reservoir 2+ System) INCREASES

Presume: the difference of chemical potential is caused by a difference in
particle concentration

J,- the number of particels passing through a unit area in unit time

Fick's law: J L= —-D- grad n

D — particle diffusion constant - diffusivity





http://upload.wikimedia.org/wikipedia/commons/1/12/Diffusion.svg�

| — the mean free path

At position z the particles come into a local equilibrium condition i(z) and n(z)

1 _ dn _
A et 37— Zn(z=1)-n(z+1,)f, =——F,|,
A } 2 dz
z-1
We express ¢, in terms of C - |
|, =1-cos@ C, =C-cosd
The average is taken over The element of surface
the surface of a hemisphere areais 27 -sin@-dé@

27| cos?0-sing-d@

[
I

27



So that

Jﬁz—%fl? > D:E(_;l
z 3

Particle diffusion is the model for other transport probelms

*Particle diffusion - transport of particles
*Thermal conductivity = transport of energy by particles
*Viscosity - transport of momentum by particles

*Electrical conductivity = transport of charge by particles

The linear transport coefficients that describes the

processes are proportional to the particles diffusivity D



let
poa — the concentration of the physical quantity A.

-the flux density of A in the z direction is:

J/i :/OA<VZ>

<VZ> Is the mean drift velocity of the particles in the z direction

(drift velocity is zero in thermal equilibrium)
If A (e.g. energy, momentum...) depends on the velocity of a molecule:

Ja= fA'PA<Vz>

f, Is a factor with magnitude of the order of unity-> it depends on the velocity
dependence of A and may be calculated (e.g. by using the Boltzmann
transport equation)

By analogy with

Fick’ law J = -D-. grad O




Thermal conductivity

Fourier law’s J = K. grad T

Describes the energy flux density J, in terms of the thermal conductivity K
and the temperature gradient

>

System

*This form assumes that there is a net transport of energy, but not particles

*Another term must be added if additional energy is transported by means of
particle flow (as when electrons flow under the influence of an electric field.)



The energy flux density in the z direction is:

Ji = p(v,)

o, — Is the energy density

By analogy with the diffusion equation:

Diffusion of energy -D- dpu /dX = —D( @pu /8T )( dT/dX)

8pu /@T Is the heat capacity per unit volume, C,,.



J,=-D-C, -grad T

U —

The thermal conductivity of a gas is independent of
pressure until very low pressure when the mean free
path becomes limited by the dimensions of the apparatus

rather then by intermolecular collision.



Q (heat flow)

Th TC
< L S
Th=Te 0T

j— kA—
L dx

Q= kA

|

Thermal conductivity



Viscosity

Viscozity is a measure of the diffusion of momentum parallel to the flow

velocity and transverse to the gradient of the flow velocity

v

> X Viscosity coefficient:
— Vx dv
_ X __
a Xz__n _‘]z(px)
z dz
2 from Enss
0 B B

Figure 15.6 Velocity profile for slow fluid flow in a pipe. The velocity component U, is the
velocity component along the pipe; the overbar denotes an average of molecular velocity
components taken over a small volume (that is, small relative to the pipe radius R).



The particle flux density in the z direction: ‘Jrf = n<vz> = — an/dZ

The transverse momentum density: nMVx
Kittel,
Its flux density in the z direction:  (NMv, )<VZ> Thermal
physics

This flux density _ D (nMv )/dz
X
( Ja=-D-grad p,)

Mass density: o= nM

‘Jz(px):pvx<vx>:_Dpde/dz :—Ude/dZ

CGS- poise

PCl Slunit: Pa.s



http://en.wikipedia.org/wiki/SI_unit�

The mean free path: | =1/ zd*n

Viscozity: _Mc /372d 5 |
n= independent of gas pressure

The independence fails at very high pressures when the
molecules are always is contact, or at very low pressures
when the mean free path is longer than the dimension of the

apparatus.

Robert Boyle 1660

éair E‘:>

D=n/p ==  K=1C,/p

Kinematic viscosity




. C. Kittel, Thermal Physics
Generalized Forces Y

The transfer of entropy from one part of a system to
another is a consequence of any transport process.

*\We can relate the rate of change of entropy to flux density of
particles and of energy

For V= const. dsS :ldU _ £ 4N

T T
The entropy current density : J, = iJ‘u _ ﬂ:j‘n (*)
Entropy density é

The net change of entropy

density at a fixed position 88/8’[ > 88/8’[ =05 — div ‘]s
N

Eq. of continuity Rate of production of entropy




In a transfer process U and N are conserved

The equations of continuity:

ou

— =—divJ,
dt
N _ _div] i
dt

—

Divergence of ] c

divJ., %am} + 3, -grad@/T) (/T )div3, — 3. -grad(u/T)

(*) .



gs =J, -grady/T )+ J, -grad(- /T)

gS:ju°ﬁu+jn°ﬁn

Generalized forces
F, =grad(1/T) F.=grad(— u/T)

Thermodynamics of irreversible processes: _
Onsager relation:

Coupled ;J“ B Lﬂf“ th N L:|B|=L,| -B
effects 'Jn _ L21 n L22F J J

In magnetic field



Avanced Treatment: Boltzmann Transport Equation

We work in the 6 D (six-dimensional space of Cartesian coordinates r and v).

The classical distribution function:
f (F,v)drdv = number of particles in drdv
The effect of time displacement dt on the distribution function:

f(t+dt,F+df,V+dv)=f(t,F,V)

In the absence of collisions



With collisions:

f(t+dt,F+df,v+dv)— f(t,F,v)=dt(of /ot)

collisions

With a series development:

dt(of /ot)+dr -grad. f +dv-grad, f =dt(of /Ot )y isions

of /at +V - gradF f+a gradv f=(of /ot )collisions

Boltzmann transport equation



from Kittel,
Thermal physics

Relaxation time aproximation:

This is based on the assumption that a nonequilibrium distribution f (t,F,\7)
gradually returns to its equilibriun value within a characteristic time, the

relaxation time 7 ( r V ) by scattering of particles with the velocity V
into states V', and vice versa.

(af [ ot )collisions = _( f— 1:O )/ Te

Suppose that a nonequilibrium distribution of velocities is set up by external
forces which are suddenly removed.

The decay of the distribution towards equilibrium is then obtained:

o(f 1)
ot

=—(f-"1,)/,




of, /ot =0

(fT—Tfo =0T -1y )hoexp(-t/z,)

Generally

Te =7¢ (F,\_i)

of /ot+v-grad.f +d-grad; f = =

Te

In the steady state: of 1 6t=0
by definition



Particle Diffusion

Consider an isothermal system with a gradient of particle concentration

The steady-state Boltzmann transport equation in the relaxation time
approximation:

v, df /dx=—(f - f,)/r,

First order approximation

df  df,
flz fO—VX TCdfo/dX ax dx

Second order approximation

f, = f,—v, z.df, /dx= f, —v, 7 df,/dx+v2z2d?f,/dx’

The iteration is necessary for the treatment of nonlinear effects



Classical Distribution
fo=exp[(u—&)/KeT]

df, / dx =(df, / dg )(dee/ dx)=( f, / kT )(dpe/ dx)
The first order solution for the nonequilibrium distribution becomes:

f=f,—(v,r.fy/ kT )(dge/ dx)
The particle flux density in the x direction:
3 =ij fD(&)de

The density of orbitals per unit volume per unit energy range:

3/2
1 (2M
_ 1/2
D(g)—4ﬂ2[h2j g




Presume 7. constant, independent of velocity j foD(&)de =n

finally,
IJ¥=—(nz, /M )(du/dx)=—(ksTz, /M )(dn/dx)

because 1 =KkgTlogn + const.

Diffusivity:

D=1k,T /M :%<V2>TC

If we presume




Fermi-Dirac distribution - 1
exp[(e—p)/ kgT +1

dfo/d,u%5(5_,u) TF(8)5(8—ﬂ)d5:F('u)

df, /dx = 5(&— g )du/ dx
The particle flux density

3 =ij fD(g)dg:—(du/dx)rcjvfa(g—y)D(g)dg

We know
D(,U)=3n/25|: lu:(hzlzm)(gﬂ.Zn)Z/S
X 1 )
J*=—(2r,/3m)e-dn/ dx=-=viz.dn/ dx 1
3 2
D=—vir
E“:‘E (Si) =n/m

3 2&p




Electrical conductivity

We multiply the particle flux density by the particle charge g

du/dx —> qde/dx =—qE

X

J=(nz,q/m)(du/dx)=(nz.q°/ m)E =oE

Electrical conductivity

o =ng°z, / m

*For a classical gas (Drude)

*For the Fermi-Dirac distribution (Sommerfeld)

We will discuss this in more detail, later.
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