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Motions of electrons and transport phenomena

I E(k)
kK,

Some pictures are taken from the UvA-VU Master Course: Advanced Solid State Physics by Anne de Visser (University of Amsterdam), Solid State Course by
Mark Jarrel (Cincinnati University), from lbach and Lath, from Ashcroft and Mermin and from several sources on the web.



Electronic Transport

stransport in insulators (of heat mostly) is dominated by phonons. The
thermal conductivity of some insulators can be quite large (cf. diamond).

*Metals, with transport dominated by electrons

generally conduct both heat and charge quite well. In addition the ability to
conduct thermal, charge, and entropy currents leads to interesting
phenomena.



Electrical conductivity




Drude model for conductivity

Classical model: dilute gas of electrons ESnlE e
neglect interactions with other electrons (1863-1906)
and ions between collisions

independent electron approximation
free electron approximation

collisions probability 1/t velocity distribution

(time between collisions 1) - equipartition of energy
thermal equilibrium through collisions 1/2 mv;2 = 3/2 kgT

- Maxwell-Boltzmann

\I

eEt

m

‘_ IIE?E’E' E.
] m ’ electron transport with

V,,=Vp = drift velocity

j=-nev, = —rre‘ -

L1

= resistivity
conductivity

The Drude theory failed to explain why the
T~ 101-10"° s, v, ~10°m/s conduction electron in a pure metal can
mean free path ¢ = vyt = 1-10 A travel over many atomic distances without
being scattered.

pictures are taken from the UvA-VU Master Course: Advanced Solid State Physics by Anne de Visser (University of Amsterdam), Solid State
Course by Mark Jarrel (Louisana Univ.), from Ibach and Lith, from Ashcroft and Mermin and from several sources on the web.



from Mizutani

Table 10.1. Electron transport properties of metals at 273 K

element electrical conductivity, o resistivity, p TCR?, «a
(x10%/ Q-m) (pfl-cm) (x107/K)

Li 11.8 8.5 4.37

Na 234 4.27 3.5

Cu 64.5 1.55 4.33

Ag 66 1.5 4.1

Au 49 2.04 3.98

Mg 254 3.94 4.2

Ca 28 3.6 4

Zn 18.3 5.45 4.20

Al 40 2.50 4.67

Pb 5.17 19.3 4.22

Bi 0.93 107

Ti 2.38 42 3.5

\ 0.54 18.2

Fe 11.5 8.71 6.57

Zr 2.47 40.5 4.0

W 20.4 4.89 4.83

Note:

¢ Temperature coefficient of resistivity (TCR): ay;;  =(UpNdp/dT )_17;



Classical equation of motion in E and B field:

v decays exponentially
relaxation time t

Apply electric field - electrons are accelerated to a steady
state with a drift velocity v, - momentum is lost by
scattering with an average momentum relaxation time t

my
. momentum loss = —% = —eE
r

, ne’r

Jocurrent j o= nev, = E
m it 1s mobility with:

. ne'r R

- conductivity ¢ = = neu V= UE

m

The value of 7 in pure Cu at room temperature is easily deduced to be
7=2.73x 1071 5 by inserting the electron mass m=9.1x 107! kg, its charge
e|=1.6x107" coulomb, the number density n=8.9x100x6x10%/63.54=
0.84 x 10* m~ and the observed resistivity p=1.55x107% {}-m

v4~102 m/s E=10[V])[m]




Quantum electrons
Electron Transport - Electrical Conductivity

Equation of motion of electrons

k-space picture and the Fermi1 Surtace

. h'k’
T=0 states filled up to E; R E,.
m

A
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from Solid State Course by Mark Jarrel (Louisana Univ.)




How big 1s Fermi surface/sphere compared to

Brillouin Zone?

Simple cubic structure
volume of Brillouin Zone = (2n/a)?
electron density n = 1/a’

volume of Fermi sphere = 4nk:3/3 = 4mé/a’

= half of one B.Z.

3=V

N/V =n
Ar°

VF _—3




Quantum electrons

What happens in k-space?

All electrons 1n k-space are
accelerated by electric field: 7 k= Fdt= —eLE St

On average all electrons

shifted by: g - _¢ET

Sk

Solid State Course by Mark Jarrel (Louisana Univ.),



Sommerfeld model for conductivity

Quantum mechanical description

Fermi velocity

Fermi energy

Fermi-Dirac velocity distribution
Semi classical energy gain electrons

UVA-VU Master Course: Advanced Solid State Physics
by Anne de Visser (University of Amsterdam)

The Fermi surface establishes a steady state after a displacement of
(—e)TE/h in the presence of an electric field E.



OF = —¢E -7¢ 519 By =Tk displaced

SE =V E(k) & =hv ok ] U | in k space
_ “drift K”

stationary state

mean free: £ = vt (use Fermi velocity!)
example copper: ve= 1.6x10° m/s

T~ 2x10% at4K - £, = 3x103 m

T ~ 2x10-"* at 300K — 4450 = 3x10¥ m

Like Drudel Sommerfeld works also at low Tl




Velocity of crystal electron

Example:
tight binding dispersion relation

& =E,+A+2Bcos(ka)

VGIDClty UVvA-VU Master Course: Advanced Solid State

by Anne de Visser (University of Amsterdam),

1,..*;: — —2 B d "\111( ]‘E? )

velocity is constant at fixed k _ _
very different from classical picture kin it of




effective mass tensor (inverse)

eq. of motion

2nd derivative

flatter band
— higher m*

dv/dk>0 — m >0

dv/dk<0 — m <0

Negative
effective
mass |

effective mass approximation
m* constant when

E(R)=E, + 2 (k2 + k> + k)
2m : )
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Crystal (Bloch) electron in electric field

Force due to elecitric field
Is equal to time derivative of
crystal momentum

Bloch state evolves,
after time At:

when state reaches BZ

- { k= n/a — -n/a NB Scattering prevents
Bloch oscillations observation Bloch osc.

kin units of x/a




Current for Bloch states in a half filled band

Scattering produces
steady state

T = relaxation time

netto velocity E+0
— current

occup. srares

K In units of x/a

|ﬁk| = eE1/h -161'3 m-? -:-::.BZ -..1.010 m-1
With t ~ 104 s and E ~1 V/m — in reality small change




Currents in bands and holes

Solid State Course by Mark Jarrel (Louisana Univ.),

particle current density of dk at k

& =5(F) dk _ 1 o E(F)dE density states in dk 1/(2x)3
“‘uT “};T ?L i

. . FirstB.Z.
electrical current density

Integrate over first Brillouin zone

—e Fermii surtace

j=
87 f

| V.E(F)dk

".:ﬁr z

different occupied states make different
contributions to the current density

full band

lattice with
iInversion symmetry

Ek H=E(-k 1)




partially filled band: E field redistributes k states
symmetry around k=0 lost

current of positive charge, particles in unoccupied states
(holes)

|nﬂﬁ—_f

1o B 8T’ k empty

—_— E:l

7T




Scattering processes

Basic Principle: Scattering occurs because of deviations

from perfect crystal arrangement

Electron scattering mechanisms:

(1) thermal vibrations 1.e. phonons (vibrations of the atoms
are a deviation from perfect crystal structure)
(1) presence of impurities - charged impurities are very

important - scattering is by Coulomb force 1.e.

Rutherford scattering.

Matthiessen’s rule: Scattering rates (1/1) add
m

. . . '."O: EZ-%ZfOT—l_IOJ
Solid State Course by Mark Jarrel (Louisana Univ.), ne
Mean free path (1):

electrons are moving with Fermi velocity vg
A = vet (NOT v,;7)

Low temperature mean free paths can be very long as
electrons are only scattered by impurities



O O O
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a perfect lattice
yields no resistivity
for Bloch electrons

or(r) = Up(r) e?:f'k'r_, Uk(r)

e_ V
*——

V(r)=V(r+r,)

/\/\/\/\/ V(1)




sthe pure electronic system as a non-interacting Fermi gas.

Electron-electron scattering Ei+FEy=FEs+FE;, ki+ky=ks+ky

4 Solid State Course by Mark Jarrel (Louisana Univ.),
E
4
E
2
2

K

The total scattering due to electron - electron repulsion is very small.

the dominant contribution fo a material's resistivity is due
to defects and phonons.




Boltzmann equation

Boltzmann equation describes the evolution of the distribution function in space, mo-

mentum, and time,

Definition 1 The distribution function, f(r,p.t). is such that a quantity f (v.p.t) d*rd*p
gives the number of particles located in volume d*r near point v whose momenta occupy

volume d'gp near a point in the momentum space p at time t.

7 L 1
3, N s 7
o[ 80 pepn =i [AEO=ICED] = G

+1

In the absence of scattering,

Jdf dr = . dp
=
d :> or T Vel g Vel =0

(I’ paf> =0 ) = R
o v V4 FVf = 0

Some pictures are taken from the UvA-VU Master Course: Advanced Solid State Physics by Anne de Visser (University of Amsterdam), Solid State Course by
Mark Jarrel (Cincinnati University), from Ibach and Lith, from Ashcroft and Mermin and from several sources on the web.



In the presence of scattering, the RHS of the equation is different from
zero because particle change their momentum states due to scattering.

()]‘

()ZL 4+ v Vf—FF ij— coll [ﬂ

An equilibrium distribution function, fo(p), nullifies the collision integral

](_tnll [j{}] = 0.



di (r.'if )diﬁumn (ar )ﬁeld (5; )mm‘ dfldt=0 in the steady state

the Boltzmann transport

(—e) df faf .
—v. -Vi(r.k)— F+v ¥xB)y—=—|—=— _ equation:
‘h f{r } ﬁ { l"l : } ﬂk (ar )EE'HT[EI'

Mizutani

deviation from steady state conditions:

dp(r.kKy=f(r.k)y—f(g.T), and assume ¢ (r. k) to be small.

The change in the electron distribution due to scattering is generally expressed as

(af (k) \ | | .
(—fm ) = 2 Ok, k') fK)[1T—f(K)]— Ok, k) f(K)[1 —f (K]},
J - £ oscatter kr

The calculation of (gf(k)/ar)__,. _isa formidable task

T




Boltzmann equation and relaxation time approximation

Boltzmann eq. describes

“‘non-equilibrium steady state”
driving force due to E and B field
dissipation due to scattering

thermal equilibrium distribution E=B=0
SN e T 1
f 0 ( k ) = f ( r, k_-., [ ) T UvA-VU Master Course: Advanced Solid State Physics

E=0 ) (E(kK)—Egp)/kgT

€ + l by Anne de Visser (University of Amsterdam),

change of fin time (t-dt) >t + effecf of scattering

Relaxation time approximation:
rate at which freturns to equilibrium

expanding up to terms linear in dt ~ deviation of ffrom £,

— Boltzmann equation

(k)




Relaxation time aproximation:

This is based on the assumption that a nonequilibrium distribution f(k,r.t)
oradually returns to its equilibrium value within a characteristic time, the
relaxation time 7(k), by the scattering of electrons with the wave vector k

into states k’, and vice versa.

[ai) [l - f,(k)

ot 7(k)

The rate of return to equilibrium is proportional to f(];) — fo (/;)

The proportionality coeficient is a function of K only

f=f +f,

flzez'EVd_fo
de




Electrical conductivity of metals

For steady state: (ﬂjzo
ot
For a homogeneous Sommerfeld metal: Vrf =0
o (0 . D1
Ky w{ij R ORI AG
1 ot S i f(k)
K?%\ o, _of, o
ok Og ok D
n’k’ V=—=
7(K)eE m
f o fO + 7 vk fO oe n’k
ok m




[.e. the lowest order Tavlor series of f(k). Or equivalently, if

E =E,x

e

flk) = fo(k+27(k)¢E) (46)

[e.. the effect is to shift the Fermi surface from its equilibrinum
Ex

position by an amount

Ok, = —eT—

h

1ST BZ

\j

from Enss
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fir.K)y=f (e, —(—e)yrv E. T).

fle.T)

‘i —(—e)TV E

0 3
Figure 10.4. The Fermi-Dirac distribution function (thin line) is displaced by an
amount (—e)rv. E in the presence of an electric field E. The shaded area represents a

derivative of the Fermi—Dirac distribution function and contributes to the electron
conduction.

Mizutani
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Consider a simple system with a spherical Fermi surface, then

D(E)E = ”|v E|

T(k)vi(k) 4r
as ' = — kw7 (Ep)v(E
J dSr (k) 5 WPT(EF)U(EF)
iy hkp
= —Fkp7(E
g +7(EF) - 2
—) e 4w . hkp
o 3 3 AFT(EF) —
then as kpT’ PETE : 3 o 2. e
as kgl < Ep, N 237 ﬁ:? ky = 3m°n we find
1 2 EZT(EF) ET(EF)
o= D(Ep)vpT(Ey) | o ="—"Fn  p=—=




Electrical conductivity of metals

UVA-VU Master Course: Advanced Solid State Physicsby Anne de Visser (University of Amsterdam),

Particle GITEFIt density insert distribution function

-| __v(k)f(k)dk

- linear effects in electric field (Ohms law)
- isotropic medium, cubic lattice
- linearized Boltzmann eq.

only states at Fermi surface
important

*cfrr—.:m
dE

Conductivity expressed as integral over the Fermi surface,

depends on v(E;) and t(E)

For parabolic band this reduces to:




Impurity scattering and phonon scattering

spure Cu at room temperature as an example.

*The mean free path turns out to be about 20 nm.

* Since the lattice constant of pure Cu is 0.36 nm, the mean free path is about
50 times the lattice constant and thus the conduction electron can propagate
over several tens of atomic distances without being scattered even at room

temperature.

the conduction electron propagates in the form /(r) =¢’*"u, (r) in a periodic potential.

The Bloch theorem assures that the wave vector k remains unchanged in the
periodic lattice. This is equivalent to saying that electrons are not scattered, as long
as the potential is perfectly periodic.



There are two sources of disturbance:
sthe static source: impurity atoms, vacancies, dislocations and grain boundaries

«the dynamical source: due to lattice vibrations=> electron-phonon interaction

— Matthiessen rule
P=P lattice T P imp

*The ratio of the resistivity at room temperature over that at 4.2 K,
corresponding to the boiling point of liquid helium, p3og (/P4 K, is referred
to as the residual resistivity ratio (RRR or 3R) and is used as a measure to
judge the purity of a metal.

‘For instance, a very pure Cu metal whose 3R exceeds 10 000 is commercially

available.
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Figure 10.5. Temperature dependence of the electrical resistivity for pure Na at low

temperatures. The temperature-dependent part of the resistivity due to elec-

tron—phonon interaction is denoted as p,_. . Three different data sets yield different

residual resistivities owing to a slight difference in purity of the samples. The inset

shows a log-log plot for the temperature—dependent p,_ . . The relation p . =T

holds well for pure Na. [D. K. C. MacDonald and K. Mendelssohn., Proc. Roy. Soc.
(London) A202 (1950) 103]



Ziman theoryv tor the electrical resistivity : :
. . See Mizutani

we treat the conduction electron in a crystal as being described by the
plane wave of the wave vector k and consider the situation, where the

electron in the state k is scattered into the unoccupied state k' due to
thermal vibrations of ions.

Elastic scattering

- ¥ N
(ﬁﬂl«)) :( ) J {OK = K) f (K[ =f (K] - (k= K') f(K)[1 —f(K')}dK’,

at 8’

\ K
)\ 2
) O(k. k’)=(;)l<k* Um)k)28(s,. — ).

Elastic scattering of electron on the Fermi surface.

the energy conservation



by using f(k)—7,(k)=7(—

df/oe)v,(—e)E

combination with the relations f (e, )=/ (e,,) and (—df [de )= (—df/de,.),

l =( r)( X%T V7V) )J,L (K)\ a(K)(1 —cos 6)sin6do,
- 2aN/\h v

d(K) 1s defined as

] -
S(K)= (E)Ee—;hn,‘

Ulr)= E E,-"P{r —R)).

A
U {m—ﬂr_ ()e—"K1dr

the static structure factor=) NS*(K)S(K)

individual pseudopotentials Up{r}
where R,=1+u,. 1is the lattice vector

U, caused by thermal vibrations.



This 1s the Ziman formula for the electrical resistivity

3w\ [
P (:mﬁ-g) J

o

U (K)Pa(K)(1—cos 8)sin6de

where {2 is the volume per atom

The weighting factor (1-cos6) carries the physical meaning such that

the forward scattering with 6 = O makes no contributions to the
resistivity, while the back scattering with 8 = © makes the largest

contribution, equal to 2.



-it should be remarked that Ziman equation cannot be applied

to describe the electron transport of a perfect crystal at absolute zero,
where u; = O and the potential Ur) given by equation resumes a perfectly

periodic potential V4(r).

«is valid only when a non-periodic source of scattering is present and can

be treated with the second-order perturbation theory.

«Ziman successfully applied his equation to the resistivity behavior in simple liquid

metals like liquid Na, where the periodic lattice vector | is no longer defined but the
assumption of elastic scattering is justified.

eScattering with a static source of disturbances like impurity atoms can be treated
as being elastic but scattering with lattice vibrations occurs through the exchange
of energy with phonons.

sconsideration of the inelastic electron—phonon interaction is essential in treating
electron transport phenomena in both periodic and non-periodic metals at finite

temperatures.



Residual Resistivity of Metals — Matthiessen’s Rule

~—1 -1 ——1
I — Te —|— 'Iph .

Matthiessen’s rule (1862)

T T T z

= — — o T
2 t ne?ron (1) 0de + pu (L)

ne?T  ne*7ye

IS
|

r =yl =uony



Resistivity p / Qm

from Enss
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Impurity effect in a metal

sconsider a perfect metal crystal consisting of the atom A with the valency Z,.

U

Conduction electrons carrying negative charges are uniformly distributed
over any atomic site with equal probability densities and maintain charge
neutrality with the array of ions with positive charges.

sreplace the atom A at a given lattice site by the atom B with valency Z, (Z,> Z,)

Point charge—> &ZZZE —Z,

the uniform charge distribution is disrupted.

© = O



Ap - Debye screening length

o—
MW In a metal the excess potential is reduced
G\ (Dt
o— S Uir) e*AZ exp( — Ar)
HF)y= .

I

Thomas—Fermi approximation

The density of conduction electrons p(r) at distance r from B deviates
the average density p,(r) existing prior to its introduction.

Poisson equation holds in the vicinity of atom B:

V2U(r)= —4me[p(r) — py(r)]



Fermi energy

-
EF= (;)[# PP

Ulr)<<EL.

VIU(r)=AU(r).

Fl

6 EE Sz
Az( T ’0") .
Eg

Since U{r) is spherically symmetric

1 d

r* dr

f

N

, dU0 ':') =A2U(r)

dr

solution

p(r)=pg{l (5

)|

=

| 2\ M2
(5s) (32) 1+

from Mizutani

Ulry=

e*AZ exp( — Ar)
r '

L'r(f')
Ly

-



Ap - Debye screening length

—0 | » (arbit. units)
%/\.'&"(\8 > 0f—
\\

*AZ exp( — Ar)
r '

Uir)=

U(r) (arbit. units)

|

Bare Coulomb potential (dashed curve) and screened Coulomb potential
(solid curve).

The magnitude of the screening radius 1/A turns out to be about 0.055 nm,

E.=7 ¢V and p,~8.5x 10%/m’ the interatomic distance of 0.255 nm in pure Cu.



Electron scattering by impurity atoms and the Linde law from Mizutani

*only electrons at the Fermi level contribute to the resistivity.

a(0)= (m27h*)*| UK )]

UK)= [ Ulr)e"®*dr
UK)=—47AZe*(K*+ A%

2mAZ (?2)2 [ /
/

o(6)= ( B2 (K24 A

where K represents the magnitude of the scattering vector K=k’ —k

the excess resistivity due to the impurity scattering
Ap = MNimp _ MVe N

ne’r ne’A




from Mizutani

aw

1
— =D ]]nljf(l — cos B)o(0)sin 6 d6,

A

0

27N, 11V - 2mAZe*\*  sinfdo

Ap= T Timp 7T F (1 —cosh) 5 ) 5

ne? h (K?+ \?)
0

2@ N MVE (2mAZ 2\ 83/
— ne? A2 )\2 j[l + (ﬁ/{F/AFZE]E

K|=2kgsin(6/2) Elastic scattering

Linde law A 0 oC AZ 2




These samples were
alloyed with about one
atomic per cent of an
element with a higher
number of valence
electrons.

Linde law
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| \
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Figure 9.2. The Linde law. The AZ dependence of the increment of resistivity upon

adding 1 at."s of various elements (as indicated) to Cu and Ag. AZ is the difference in

valency between the solute and the noble metal matrix. The value of AZ is taken to be

0, —1. =2 and -3, for Ni, Co, Fe and Mn, respectively. [F. Seitz, The Modern Theory
of Solids (McGraw-Hill, New York. 1940)]

Linde law no longer holds when the solute concentration exceeds about 5 at.%.

the impurity-impurity interaction cannot be ignored.



Concentration Dependence

sthe disruption of the lattice periodicity gives rise to scattering of the Bloch electrons.
E.g. Au-Cu

There exist several intermetallic compounds AuCu,, AuCu I, AuCu Il and
Au;Cu in the Au—Cu alloy system

ta) ‘b) AuCus (¢) AuCul
c see Mizutani
—.—a_‘__|
id) AuCull . Cu O Au 25%,Au+75%Cu
- . ‘-’j}c;.
S e Tf
7

Figure 9.4. (a) Disordered Au,.Cu,_ alloy. The dotted circle indicates that each

atomic site contains a Au (or Cu)atom in proportion to the probability of 25 (or 75) Y.

(b)}~(d) Unit cells of AuCu,, AuCuland AuCu II ordered structures, respectively. The

AuCu II phase has a long-period superlattice structure along the b-axis. [C. S. Barrett
and T. B. Massalski, Structure of Metals (McGraw Hill, New York, 1966)]



All these compounds form a completely periodic structure, since the lattice
sites which Au and Cu atoms occupy are uniquely assigned.

superlattice or superstructure.

the resistivity drops sharply when an intermetallic compound is formed.

*This is due to the restoration of the periodic potential, resulting in a
substantial reduction in the scattering of conduction electrons



Nordheim’s rule

AR from
Al —x Ode X ;Ef(l — JJ)
15 15 I
L7 TN
V4 o
L / _
£ £ 10 /
o o /
I;q I:,q /
=. =
(aR (=R 5_ _
| 0 |
1.0 0.0 0.5 1.0

0
0.0 0.5

Au concentration x Au concentration x

Fig. 7.6. (a) Residual resistivity of quenched copper-gold alloys. The full line
represents the relation (1 — ) predicted by Nordheim’s rule. (b) Residual resis-
tivity of copper-gold alloys after annealing. The dashed line shows the prediction

of Nordheim’s rule [310]

Enss
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