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the thermal current in a metal is conveyed by both electrons and phonons 

Thermal conductivity in metals 



the phonon thermal resistivity Wph or 1/kph consists of 
contributions due to imperfections, phonon–electron and 
Umklapp phonon–phonon interactions 

Matthiessen rule 

the total electronic thermal resistivity Wel or 1/kel is given by 



from Mizutani 



Enss 



kinetic theory of gases          

two different scattering sources in electronic thermal conduction: 
I. Impurities 
II. lattice vibrations 

•The mean free path Λ of the conduction electron due to impurity 
scattering is obviously temperature independent. 
•Cel is proportional to the absolute temperature T 
•the Fermi velocity vF is independent of T. 
 

•the temperature dependence of the electronic 
thermal conductivity in metals 

kel proportional to the absolute temperature 



The more impure the sample, the shorter the mean free path and, hence, the 
larger the coefficient β. 

 

•the electronic thermal resistivity due to lattice vibrations 

In the Debye model, the number of phonons decreases in 

proportion to T3 with decreasing temperature in the range T<<ΘD. 



Mean free path: 

n⋅⋅
=Λ

σ2
1 3−∝Λ T

TCel ∝

The total thermal conductivity k at low temperatures in a metal is 



Temperature dependence of the electronic thermal 
conductivity in a metal. A decrease in β indicates 
an increase in the purity of a specimen. 

from Mizutani 



Temperature dependence of the thermal conductivity of two lithium 
metal samples. [Reproduced from K. Mendelssohn and H. M. 
Rosenberg, Solid State Physics, edited by F. Seitz and D. Turnbull, 
(Academic Press, New York, 1961) vol.12] 

Li2 sample must be purer than the Li1 sample. 



•the electronic thermal conductivity rapidly decreases with 

increasing solute concentration in an alloy 

 

•the phonon thermal conductivity also decreases but its rate of 

decrease is much slower than that of kel 

 

•the ratio kph/k at about 10 K is only 0.002 for pure Cu 

• it becomes 0.3 for the Cu80Zn20 alloy 



we formulate the electronic thermal conductivity by 
using the linearized Boltzmann transport equation in 
combination with the relaxation time approximation. 

Both the electrical current density J and thermal current 
density U are expressed as linear functions of the electric field E 
and temperature gradient in the following forms: 

Mizutani 



thermal conductivity is measured under the condition J=0 

from the analogy with the expression for the electrical current 
density  the thermal current density is 

•both heat and electrical charge are carried simultaneously. 

•electrons at the Fermi level                    convey the current density J. 

This must be subtracted from the energy current to derive the flow of heat. 

energy flow 



and 

We try to solve the linearized Boltzmann transport equation under the 
condition that only the temperature gradient exists in a metal. 

ziman 



implies that the chemical potential gradient gives rise 
to an additional field to induce a diffusional current. 

serve as an effective electric field. 

0 



using 

Insertion of 

we have calculated the coefficient LTT 



the correction term LTE·LET/LEE·LTT to be of the order of (T/TF)2, 

if the free electron model is applied to a metal having the Fermi 

temperature TF 

Since (T/TF)2 is negligibly small in ordinary metals, the electronic 
thermal conductivity is well represented by 

This leads to  
the Wiedemann–Franz law 

A more rigorous treatment can prove that this is valid when the scattering of 
electrons is elastic and the relaxation time is independent of energy. 



the ratio of the electronic thermal conductivity over the 
electrical conductivity, say, at room temperature becomes 
constant, regardless of the metal concerned. 

where L0 is called the limiting Lorenz number 

and is a universal constant 

 L0 = 2.45·108 volt2/K2 



Thermal conductivity κ and 
measured Lorenz number L 
for typical metals at 273 K 
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The Wiedemann–Franz law would fail when the 

temperature is lowered below 273 K, since the 

inelastic scattering effect becomes substantial 

 

inelastic scattering contributes to the electrical and 

thermal conductions in a different way so that its role 

can be qualitatively extracted by studying the 

temperature dependence of the measured Lorenz 

number over a wide temperature range. 
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Electric field 

Enss 

from Enss 



Heat transport While an electric field 
causes a change of the 
wave vector, a temperature 
gradient leads to a 
temperature difference 

from Enss 



•In electrical conduction the Fermi surface of a metal 

specimen is shifted as a whole when an electric field is 

applied. This implies that more electrons travel  to the right 

than to the left.  

•Scattering processes are needed to establish a steady state. 

•the scattering angle involved becomes smaller and smaller 

with decreasing temperature due to the fact that phonons of 

only small wave vectors remain active. At low temperatures, 

therefore, electrons cannot be transferred from one side of the 

Fermi surface to the other in a single jump. This leads to the 

well-known T5-law for the electrical resistivity at low 

temperatures. 



in the thermal conduction process 

•More electrons to be distributed above the Fermi level on 
the right and more electrons below it on the left 
•we have more “hot” electrons on the right-hand side of the 
Fermi surface and more “cold” electrons on the left-hand 
side, resulting in the flow of heat. 
 
 

•the horizontal process favors large-angle scattering, which 
is abundant at high temperatures but becomes scarce at 
low temperatures in both electrical and thermal conduction. 
 

•The vertical process requires a single jump with a small 
scattering angle but the energy must be exchanged with 
phonons so that the scattering involved must be inelastic. 
 



At high temperatures T>ΘD, the vertical process is no 
longer well defined, since region kBT across the Fermi 
sphere exceeds the maximum phonon energy of 
kBΘD.quasi-elastic scattering the vertical process is 
ineffective and the ratio L/L0 tends to unity, leading to the 
validity of the Wiedemann–Franz law. 
 
With decreasing temperature below ΘD, the vertical 
process begins to play its role in thermal conduction and 
the thermal current is more substantially reduced than 
expected from the Wiedemann–Franz law. This results 
in a lowering of the ratio L/L0 below unity and the 
Wiedemann-Franz law gradually breaks down with 
decreasing temperature. 



the dependence of the ratio L/L0 on the purity of a specimen in the 
temperature range well below ΘD. 

an ideally pure metal free from impurity scattering at low temperatures 
 
the number of phonons decreases with decreasing temperature 
and eventually vanishes at absolute zero. 
•the electronic thermal resistivity due to lattice vibrations decreases as T2 

•the electrical resistivity ρlattice decreases as T5 with decreasing temperature. 

L/L0 tends towards zero as T2 in a pure metal 

If a specimen is impure 

impurity scattering dominates at low temperatures T<<ΘD. 

Since the impurity scattering is elastic, the ratio approaches unity again 
and the Wiedemann–Franz law revives in the range where the 
temperature-independent residual resistivity is observed. 



Temperature dependence of L/L0. Curve (a) refers to an ideally perfect crystal metal 

with zero residual resistivity. The residual resistivity increases in the sequence (b) to 

(d). [Reproduced from H. M. Rosenberg, Low Temperature Solid State Physics, 

(Clarendon Press, Oxford 1963)] 
 



(1)The phonon thermal conductivity can be ignored relative to the 
electronic thermal conductivity 
 

(2)The elastic scattering should dominate. This is realized either at 
high temperatures T>ΘD or at low temperatures where only the 
residual resistivity is observed. 
 

(3)The relaxation time involved in the electronic thermal 
conductivity is the same as that in the electrical conductivity so 
that the same scattering mechanism must be responsible for 
both of them. 

the conditions for the Wiedemann–Franz law to be valid 
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Electron Scattering Mechanisms 
•  Defect Scattering 
•  Phonon Scattering 
•  Boundary Scattering (Film Thickness, 
      Grain Boundary) 

Grain Grain Boundary

e 

Temperature, T 

Defect  
Scattering 

Phonon 
Scattering 

Increasing 
Defect Concentration 

   Bulk Solids 

from Solid State Course by Mark Jarrel (Louisana Univ.),  
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Matthiessen Rule: 

Thermal Conductivity of Cu and Al 

phononboundarydefecte

phononboundarydefecte



1111

1111

++=

++=
ττττ

Electrons dominate k in 
metals  



The Phonon Thermal Conductivity 

in insulators 



https://courses.physics.illinois.edu/phys460/fa2006/handouts/460-lect11.pdf 





The most important interaction process between phonons is the three-phonon 
process in which two phonons merge into a single phonon, or a single phonon 
decays into two phonons. Conservation of energy and quasimomentum 
requires: 

 

Depending on the signs, these equations reflect the creation or annihilation of 
a phonon in the collision process. A characteristic feature of quasimomentum 
conservation is the occurrence of a reciprocal lattice vector G in this equation. 
Processes that do not involve a reciprocal lattice vector are called normal 
processes, whereas those that do, are called umklapp processes. 

 



crystal momentum is not conserved crystal momentum is conserved 

all qs are in BZ q3 is outside BZ 
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As already mentioned, the sum of the quasimomenta of the colliding phonons is 
conserved in N-processes, and consequently the total quasimomentum P of all 
phonons is also conserved. 
 
nq represents the number density of the phonons with the wave vector q. 

Because these processes also conserve the total quasimomentum P, 
they do not give rise to heat resistance 

Since N-processes influence neither the flux of momentum nor 
the transport of energy they do not degrade the thermal current. 



At high temperatures, the overwhelming number of excited phonons are 
phonons with a frequency close to the Debye frequency ωD and a wave vector 
comparable with that of the zone boundary. As a consequence, virtually every 
collision leads to a final state outside the Brillouin zone and is therefore an 
umklapp process. At T > Θ the number of thermally excited phonons and 
hence the density of scattering centers n rises proportional to T. Since the 
frequency of the dominant phonons is ωD that does not change with 
temperature, the cross section Σ  for the phonon–phonon collisions is 
constant. 

1−∝Λ T Λ⋅⋅= vCk
3
1 1−∝ Tk



Al low temperatures, 

 

in the defect scattering range 

 

   Cv~ T3 

 

 Λ= constant 

 Vq= constant k ~ T3 

Λ⋅⋅= vCk
3
1



Intermediate temperature 

Tek 2/Θ∝Λ∝
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Phonon mean 
free path Λ  
        (  ∝ τ   ) 

  T  (K) 

Log-log plot 

Exponential 

Slope -1 

 
High T , 
Λ=vgτ ∝ T-1 

 
 

Intermediate T , 
Λ=vgτ ∝ (1/T)exp(1/T) 

dominated by U process 

Very low T , 
Λ=vgτ =constant 



Impurity scatterings 

Defect scatterings 

Log-log plot 

κ 
(Watt/m/K) 

T (K) 

Slope -1 

Exponential 

Slope 3 

break periodicity Other effects 



If the temperature decreases further, the rate of umklapp 

processes becomes vanishingly small and only N-processes 

remain. Nevertheless, the thermal conductivity does not 

continue to increase on cooling because the phonon mean free 

path is finally limited by defect scattering. 

Defect Scattering 

•Surfaces 
•Point Defects 

•Dislocations 

•Grain Boundaries 



from 
Enss 



Li7– 96.25% 
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Grain Boundaries 



Phonon Thermal Conductivity 
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Phonon Scattering Mechanisms 
• Boundary Scattering 
• Defect & Dislocation Scattering 
• Phonon-Phonon Scattering 
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• Phonons dominate k in insulators  

Thermal Conductivity of Insulators 



the equation for heat conduction 

( ) ( )
t

T,xT
x

t,xT
∂

∂
=

∂
∂

α
1

2

2

α –thermal diffusivity 

C represents the heat 
capacity per unit volume. 

C/k=α

from 
Enss 
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